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Thk j)rcs(jnt small vohiiu(/‘is intended in Idrni a 
sound inlrorluctioii to a study of the Diflbrciitial Cal- 
culus Kuitahle for the beyimier. It does not therefore 
aim at comploteriesi^^ Init^rather at the omission of all 
j)ortions which are usmdly eonsiderefi best l(‘ft for a 
later readinjj. At tlui sjime time it has boon con- 
btnieted to include those parts of the subjocit pre- 


scribed in Schedule 

e 

Mathematical Tripos 


1. of the U('gulations for the 
Examination for the j'eadin;^ of 


students for Matheiiiatical Honours in llu‘ Univt*rsity 


of i Jjiinbridge. 

PartiiAilar attention has l^een gitVn to the examples 
vhich are i'reely interspersed throughout the text. For 
the most part they are of tfie simplest kind, retpiiring 
but little analytical skill. Yet it^^is hoped they will 
prove sufficient to give practice in the processes they 
ai'e intended to illustrate. * » o 


It is assumed that* in commencing to wor^ at the 
» Differential Calculus the iStudeiit possesses a fair know- 
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DIFFEBENTIAL CALCULUE; 


CHAPTER T. 

TJMTTTN(i VALUES. ELEMENTARY ITN DETERMINED 
FORMS. 


1. Object of the Deferential Calculuf.* When 

ail increasing or decreasing quantity is made the subject 
of mathematical treatment, it often becomes necessary 
to estimate its rate of growth. It is our principal object 
to describe the method to be employed and to exhibit 
applications of the pro6esses described. 

2. Explanatioxip of Terms. The frequently re* 
cur’-ng terms “Constant,” “Variable,” “Function,^ will 
be iinov. 'Stood from the following example : 

Let the ^udent imagine a triangle of which two sides y ara 
imkncfWn but of which the angle (A) indflded between those sito is 
knSwn. The area (A) is expressed by 

Ac=JaryBin/. * ^ 

The quantity A is & **con8tant'' for by hypoth^s it retains the same 
value, though the sides x and y may oha^e in length while the 
triangle is under observation. The qaantito x, y and A are there- 
fore odled variables. A, whose value depends upon those of x and p, 
is oalled'the dependent variable; x and p, whose values may be aUv 
whatever, and may either or both take up any values Which may 
assigned to them, are called independent variables* ^ 

^ The quantity A whose vame thus depends opon those of g, y and 
A is said to be a function of x, y and A, 

E. I), f!. ip 
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3 . Definitions. We are thus led to the following 
definitions : 

. . (a) ^ Constant is a quantity dy^ng any set 
of mathematical operations, retains the same value, 

{h) A Variable is a quantity which, during any set of ^ 
mathematical operations, does not retain the same value 
hut is capable of , assuming different valves. 

(c) An Independent Va&iable is one which may 
take up any (Surbitrary value that may he assigned to it. 

(d) A Dependent Variable is one which aesumes 
its value in consequence of some second variable or system 
of variables talcing up any set of arbitrary values that 
umy he assigned to them. 

(e) When one quantity depends upon another or upon 
a system of others in such a manner as to assume a 
definite value when a system of definite tfalues is given to 
the others it is called a FUNcrriON of those other's. 

4. * Notation. The usual notation to express that 
one variable y is a function of another x is 

y or y = Fix) or y = <f, («). 

Occasionally the brackets arc dispensed with when no 
confusion can thereby arise. Thus fx may be som'' uimes 
written for fix). •. If be an unknown ^^iiction of 
several variables x, y, z, we may express the fact by the 
equation u =f{x, y, z). ** 

c c « 

6 . It has beedme conventional to use the letters 
a, b, c... a, / 3 ,y... ^om the beriming of the alphabet 
to denote constants and to retain later letters, such as 
u, V, w, X, y, z and the Greek letters 17, ^ for variables. 

( c 

6. Limiting Values. The. following illustratioDs 
will c^lain the jneaning of the term "LIMITING,, 
Yautk ” : ‘ 



LIMITING VALVES. 


(1) We say *d = §i by which we mean that by taking enough sixea 
we can make *06B... differ by as little as we phase from 

Oj. I a 

(2) The Umit when x is indefinitely diminished js 8. 

For the difference between ® a: + 1 * ^ diminishing 

X indefinitely this differmee can he made dess than anv asc,iynahle 
quantity however small.' 

2 +~ • 

The expression can also ffe written — y , which shews that if x. 

X 

bo increased indefinitely it can be made to continually approach and 
to differ hif less Hum any assigsialle quantity from 2, which is there- 
fore its limit in that case. 

It' in uflefiil to adopt the notation Ltx^,n di*noto 
the \v(»rdH ‘*tlic Limit when of/' 


Thus 




2a: + 8 
® x + h 


a; 


Lt.. 


2xj‘3 
ar + l 


(3) If an ciiuilateral polygon be inscribed in any closed curve and 
the sides of the polygon be decreased indefinitely, and at the same 
time their number be increased indefinitely, the polygon centinually 
approximates to the form of the curve, and ultimately differs from it 
in area by less than any assignable nmgnitudet and the curve is said to 
be the limit of the polygon inscribed in it. ' 


7. We thus arrive at the following general defini- 

tkr-; ^ 

Dei % The Limit of a function for an assigned value 
of the independent variable is tJifit value from which the 
fumtion may be made to differ by less than any assign- 
able quantity however small b§ rhaJdng the inaepen^nt 
variable approach sufficiently near its assigned value, 

8. Undetermined forme. When a function in* 

volves the independent variable in such a manner that 
for a certain assigned value of thht variable its valtc 
cannot be found by simply substituting that valye of the 
variable, the function is said to take an undetermined 
form. * 


1—2 
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C)ii(» (>r Uu^ cjomiiioncHt crises occurring is that of a 
fraction whose numerator and denominator both vanish 
for the value of the variable referred tp. 

'Let the student imagine a triarfgle whefee sides are 
made of a material capable of shrinking indefinitely till 
they are smaller than any conceivable quantity. To fix 
the ideas* suppose it to bo originally a tnangle whose 
sides are 3, 4 and: o inches long, anil suppose that the 
shrinkage is uniform. As the shrinkjige proceeds the 
sides retain tjae same mutual latio and may at any 
instant be written 3?n, 4?n, 5 ;>a and tin*, angles remain 
unaltered. It thus appears^ that tliough oiieh c»f these 
sides is ultimately immeasurably small, and to all prac- 
tical purposes zero, they still retain the same mutual ratio 
3:4:5 which they had before the shrinkage began. 

These considerations shoidd convince the student 
that the ultimate ratio of two vanishinfj quantities is not 
necessarily zero or unity. 

9 . XJonsider the fraction ; what is its value 

iV — a 

when = a ? Both numerator an^l denominator vanish 
when ic is put = a. l^ut it would be incoirect to assume 
that the fraction therefore takes the value unity. It is 
equally incorrect to suppose the value to be zero for the 
i*eason"that its numerator is evanescent ; or th^^l't ivS 
infinite since its denominator is cvane.scent,^^as the 
beginner is often fallaciously led to believe. If we wish 
to evaluate this expression we must never put x actually 
equal to a. We may however put .r = a -f h where h is 
anything other than zero. 

Thus =2a-f //, 

x — a 

and it is new apparent that by making h indefinitely 
small (so that the value of x is made to approach inde- 
finitely closely to its^assigned value a) we may make the 
expression differ froin 2a by less than any assignable 
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quantity. Therefore 2a is the limiting value of the 
given fraction. 

10. Two functions of the same independent variable 
are said to t)e ultimately equal when as the independi'nt 
variable approaches indefinittily near its assigned value 
the limit o f their ratio is unity. 

Thus ^ = 1 by trigonometrv, 

^ • 

and therefore when an angle is indefinitely diminished 
its sine and its circular measure are ultimately etiual. 

T.yAVT»T.Ba 

V 

1. Find the limit when .i’=0 of 

.“ir 

(а) when ^ • 

(б) wheny=A'2/a, 

(c) when y — + 1, 

2. FindZ^?*^^^ (i) when a? -0, (ii) when.t ~ao. 

3. I'liid y,^x-a --“i i 


4. Find the limit of — (i) whciiJt-’—O, (ii) when j — oo. ^ 

x 

5. I ind Lt^ 1 . 

'^G. The opposite angles of a cyclfc quadrilateral aie supple- 
mentary. W hat does this propo.sition l)ecome in the limit wlieii 
two angular points coincide I • 

vA _ ^ 1 1a' — ft 

^ 7. Evaluate the fraction ^^ 3 1 0^.-2 m ' g-V: : ft valuo-s 
3, 2, 1, i, J, 0, -X. 

8. Evaluate ^ and 

Vo? - I 
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11. Four Important Umiti. The fullowiug 
limits arc important : 

.. (I) = J ; Xt*„oco8^f=4, , 

(III) ■) = where e is the base of the 

'' Napierian logarithms, 

(IV) =log.a. 

X f 

#• 

12. (I) The limits (I) can be found in any standard 
text- book on Plane Trigonometry. 

13. (II) Toprovei^a!=i^^£-=^*^- Let«;?=lH--e:. Then 

when X approaches unity z approaches zero. Hence we 
can consider z to be less than 1, and wo may therefore 
apply the Binomial to the expansion of (1 -f zy^ what- 
ever n niay be. 

I hus Ltx=^i * 

— 1 z 


— Ltz-Q 


n(n — l) , 
z 


14. (Ill) To prove + = 

let . >-(»+;)'. 

l<'g.jy = ®log,^l + -). 


then 



FOUR IMPORTANT *LlMm. 
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Now ic is about to become infinitely lai*ge, and there- 
fore i may be throughout regarded as leas than unity, 
00 

and we may^expawd,by the Logarithmic Theorem. 

Thu. + 

. 1 - 1 + A _ 

■■= 1 — ^ X [ii cmiverijent sei'ien]. 

Thus when a* becomes infinitely large* 

Lt log,y = ] , 
and • Lt^y = e, 

i.e. = r. 

Cor. 


= e*.’ 


16. (IV) To prove Lt^^o - ~ = log^ti 

oc 

Assume the expansion for a*, viz. ^ 

^ A* 

1 4- a? log^a 4- (logeO^y 4- . . ■ , 

• • • 

which is shewn in Algebra to be a convergent series. 
Heuco ® + . . . 

= log.a +« X [a convergent «me«3. « 

And the limit of the* right-hand .side, when jj is in- 
idefinitely diminished, ia clearly logeC*. 
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16. Method of procedure. The rule f’<n' evaluating 

a function which takes the undetermined form ^ when 

th/j independent variable x ultimately coincides with its 
assigned value a is as follows : — 

rut d? = a + A and expand both numerator and deno- 
minato7\oi the fraCtion. Tt will now become apparent 
that the rec^son why both numerator and denominator 
ultimately vanish is that some^ power of h is a common 
factor of each. This should now be divided out Finally 
let h diminisli indefinitely so that x becomes ultimately 
rt, and the true limiting yaluc of the function will be 
clear. * 

In the particular case in which x is to become zero 
thfj expansion of numerator and denominator in powers 
of X should be at once procetMlcd with without any pre- 
liminary substitution for x. 

In the case in which x is to become infinite, put 

so that when x becomes ao , y becomes 0. 

Several other undetermined forms occur, viz. 0 x x , 

X — X , 0®, X 1"°, but they may be made to depend 

' upon -t he form by special artifices. 

The method thus indicated will be best understood 
by examining the mode of solution of the followiifg 
examples : — v . * 

tnul 

This is of tlie furiu ^ if we pnt «=1. Therefore we put x=l + h 
afid expand. ‘We thus obtain 

* ‘ 2 ' (i + /(■)“ -‘3 (l + /0“+2 
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• 0 + 7A + 21/*> + ...) - 2 (1 + 5A + 10/i»+ ...) + 1 

*• " fl + 8ft + 8/i^+...)-3(l + 2ft + /0 + 2 


— »- (t 

» 

= Ltii^o 


~3;i+;i2+... 

- 3 + /t + . . 
-3 + “ 


= 1 . 


It will be seen from thim example that in the piocese uf expaueiou 
it iu only neceasary in general rFtahi a few of the hu'fst powers of h. 


II* — b* 

Ex. 2. Find 

X 

Here numerator and denominatof both vaniKh if x be put equal to 0, 
We therefore expand a* and 6* by the exponential theorem, ileiiec 




X 




( yi ••If I 


= 0 |log,a - log^b + g, (log«a,3 - log,/i I*-*) 4- . . .| 


= logfltt-log„b = log^^. 

• 

Ex. 3. Find 


Since 

tan X 1 sin 

X ~ cos .r ' • X 

Wiinve 

• 

m 

il 

e 

r 

Heucc the form assumed by undeteriiiiiied form 1* 

when we put .r — 0. • 


Expand sin x and coa x in powera of x. This gives 
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1 

1 + — + higher powers of xj 

where I is a series in ascending powers of x whose first term (and 
therefore whose limit when x=0) is untty. Hence 

=<!K>yArt. 14. 

'' Ex. 4. tHiid 

This expression is of the undetermined form . 

Put 1 - ic=y, ^ 

and therefore, if .i; = 1, y—0; 

1 

therefore Limit required (1 - (Art. 14). 

Ex.^. Lf,««a; (tt*- J). 

This is of the undetermined form oo x 0. 

I'ut *=-, * 

y 

therefore, if a; = oo , y^O, 

•' and • Limit required - — ^=log«a (Art. 15). 

y 

17. The following Alflebraical and Trigonometri?al series are 
added, as they are wanted for immediate use. Th^ should he learnt 
thoroughly. . , • * 





• «*=l + .rlog.a+^-5£ + ^^i^% ■ 


a-a 
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, „ , > ** a* 4^ 

lo|r,(l+a)=x-^ + ^ -■J+ 

• /I V 

- 8 "4-' 

1- l + OJ afi afi 

g lo", • =*+ «• + T+ 

X 1 — d; o o 


4^ jjfi 

tan*ijr=a:-- + g - • 
- a?* ar* < 

00«X=1-^J + --. 

rin/=x-g + g-, 


cosl» X j^whioh = J = 1 + ^ + + . 
aiiih X [whiohs^'g?:?^ =fx+*-J.+ 1* + . 


EXAMPLES. 

Find the values of the following limits : 

— 1 * -rS — 1 — I 

1. • 2. 3. 


4 . 


5. 


^ :r^2a?*-4^+9xf-4 „ e»-e“* 

V-^+Ste-1 


a.** + jt*® - a?* - 5^7 -^4 
^ , 4;?®-a?*-a?+l 


a ^ ft£l-2 
^ -^*-0 ^ 


^ • fCOBd?-log,(i+.*?) 

9 . . 

-- r. iF-sinarcosar 


10. 11. 


12. Xitg^Q 


sm~^ jy-a r 
^cos;ty 


13. 


coshay-cQS^* 


« . » sin“* ;iy 

V. J^srr,- 


1C 7^ sirr^ar-sinhj? 

16 . ;? • 
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jb'coH^x - log,(l +tv) - 

•1 16* Ltj^ 




Zx 

V 


c* sill . 






19. 

A-V4 — siiA;® 

^'^*0 “ .r7 

20. 

9 


1 

^21. 


22. 

• 


(siiy 

1 

23. 

^'-C'ry 

24. 


^sin .r^»' 

25. 

Lix^^ (covers xj*. 

•26. 


(cosoc a*) 



CHAPTER II. 

DIFFERENTIATION FROM THE DEFINITION. 

18. Tangent of a Curve- Definition; Direction. 

Lot A JS be an arc of a curve traced in the plane of the 
paper, OX a fixed straight line in the same plane. Let 



P, Q, be two points on the curve; PJf, QN, perpen- 
fliculars on (J'X, and PR the perpendicular from P on 
QN, Join P, Q, and let QP be produced to cut OX 
at P* i i . 

• When Qy travelling along the curve, approaches in- 
definitely near to P, the limiting position of chord QP is 
called the tangent at P. QR and PR both ultimately 
vanish, but the limit of their ratio is in general finite ; 

for Lt = Lt tan RPQ = Lt tan XTP = tangent of the 

an^e which the tangent at P to the curve makes with 
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If y = ij>(x) be the equation of the curve and at, 
0) + h the abficiasac of the points P, Q respectively ; 
then JWP = NQ = ^{x + h), RQ = <f>{x + h) — <f){x) 
and PR = h. ' ^ 


Thqs TA^^TAh^o 


0(a?+ /Q — 


Honce, to draw the tangent at any point (.r, y) on tho 
curve y = we must draw a line through that point, 
making witk the axis of x an angle whose tangent is 

<#»(« + A) 

/-<A=0 

and if this limit be called m, the (iquation of tlic t ingerjt 
at P {x, y) will be 

F-?/ = *?l(Xr-.«), 

JX”, Y bdng t^ current co-ordinatej^of any ppint on Um i 
liuigiiui; mr the line represeuToJFby this equation goes 
Ibrough the point {x, y), and makes with the axis of ./• 
an angle whose tangent is m. 


19. Def. — Differential, Coefficient. • 

Let <f>{x) denote any function of x, and the 

same function of x^h; then is 

called the first, derived function o?* differential 
COEFFICIENT of (f) (x) with respect to x, ^ 

The operation df finding this limit is called dijfer- 
entiatvn 0 (x). • « . * 


20. Geometrical meaning. The geometrical 
meaning of the above limit is indicated in the last article, 
where it is shewn to be the tang&nt of the angle which 
the tangent at any definite point {x, y) mi the curve 
V = ^ (•'^) 'ntahes with the axis x. 


21. We can now find the differential coeffident^f 
any proposed function ^by investigating the value of the 
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above limit ; but it will be seen later on that, by means 
of certain rules to be established in Chap. 111. and a 
knowledge pf the .differential coefficients of certain 
standard forms to be investigated in Chap. IV., we can 
always avoid the labour of an ah initio evaluation. 

Ex. 1. Find from the definition the differential coefficient of — , 

a 

\7here a is constant ; and the ecxuatiou of the tangent to the curve 


Here 0 (^) = ~ f 

tlWore 






(2a; + h) 


The geometrical interpretation of this result is that, if a tangent 
be drawn to the parabola ay = x- at the point (^, i/), it will be inclined 

to the axis of x at the angle tan'^ ^ . 

The eejuatiou of the tangent is therefore 
17 2a;, „ , 

Ex. 2. Find from the definition the differential coefficient of 

X ' 

logfSin-, wherl^a is a constant. 

a o 

Here ^ (a;) =: log# sin ^ , 

►and , , x + h . \ x 

^ ./V log, sin log, am- 

r. 0(a; + ft)-0(a;) ^ a \ a 

■f^Cjk^O Yi — 

, X h X , h 

Bin - COB -+ 008 - sin- 
1, _ a a a as 

= . 4 , 

a Sin- 

a 

j log, ^ cot ^ -'^gher powers of 
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l^by B >>sUtutiiij [5 for sin j and cos ^ their expansions in powds of 
^ cot “ - liighc^* powers 6f h 

• [by expanding the logarithm] 

1 X 
“ cot . 
a a 

Hence the tangent at any point on the cmve ^ = log,Bin^ is inclined 
to the axis of .r at an angle whose tangent is cot ^ ; that is at an angle 


2 a 


, and the equation of the tangent at the point jt, y is 
1 -7/ = cot ~ (A' - r) 


EXAMPLES. 

Find tho equation of the tangent at tlie point (», //) on o«uli 
of thecfollowing c ur^ oh 

1, 2, 3. y = \/^. 

4, • 6. y—e', 

7. ^ = log,a. 8 y==tan.# 9. 

10. 7 

^2. Notation.* It in conveuient tu use the notation 
Sj! for the wime ‘quantity which we have i3noted by //, 
viz. a small bijit tiuilK3 iiia'oase iu the value .of ir. We 
may similarly deiioj^o by the consequent change irP the 
value of y. Thua if (.r, y), {x + hx, y -i- Sy) be contiguous 
points upon a given curve we have 

y + 8y = ^{ps 4- &!?), 

Sy = ^ (a: + &r) — {x), 

T^hus the differential coefficient 

> ^(a: + 8a:)-^(«) 

Bo} 


and 
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iflay be written 




which jnore directly indicates the geo^iotrieal meaning 
Lt ^ 

pointed out in Art. 1 8. 

The result of the operation expressed by 


j ^{x + h)-^{ie) 




or by 

is denoted by 


^^8*— 0 


h .. 

d du 


The student must guard against the Jullaciom notion 
that dx and dy are separate small quantities^ as Bx%nd 

*(Sy are. He must reniejinber that ^ ^ sytnbol of 

operation which when applied to any function 
means that wo are 

(1) to increase x to u + A, 

(2) to subtract the original value iff the functimi, 

(3) to divide the remainder by*h, 

(4) to evaluate the limit tvlen it ultimately vanishes. 
Other notations expressing the same thing «are 

S’ 


BX^JOniBS. 

•Find ^ in the following cawti . 

1. jrofte. % * 

• a. Bio. 


,8. y«»8+^Ur 

* n . 



IN 


hlFFKUESTlXL CA LCUL VS, 


4. ^-24-.V-. 


5. 


!/ 


1 


6. 'f/ 


J 

iV 


7 - "■ 

10 . y = e'^‘. 

13. y--.r.siii.r. 


8 . 7 / = a \/j\ 


IT. y=c“*"*. 

- - sill .V 

14. //-- . 


* 9 . + 

12. y = l«g<j see .i\ 

15. y 


\/ 23. Asj;>ect of the Differential CoefELcient as a 
Rate-Measurer. When a particle is in motion in a 
^iven manner the spacii described is a function of the 
time of describing it. Wo may consid(‘,r the time as an 
independent xariable, and the space* (h^scribed in tliat 
time as the dependent variable. 

The rate of change ^»f po^fition of the jiartiele is 
called its vi*locity. 

If uuifonn the velocity is measured by the spac(* 
described in one second ; if variable, the velocity at any 
instant is measured by the space which would be 
described in one second if, for that second, tin* velocity 
remained unchanged. ^ 

Suppose a space s to have been described in time t 
with varying velocity, and an additional space Ss to be 
described in the additional’ time bt. Lc*t and n. b(* 
iKe greatest and least values of the veheity during 
the interval St ; then the spaces which would have been 
described with uniform velocities Vi, v.^, in time arc 
ViSt and vM, and ref^ioctively greater and less than 
the actual space •&. 

Ss 

Hence Vj, ^ ;a,nd v» arc in descending order of mag- 
nitude. 

If tlfen St be diminished indefinitely, we liave in the 
limiU Vi = V.J = the velocity at* the instant considered, 

Sjif . ds ® 

which is thercibSe represented hy Lt -^, i.c. by ^ . 



A llATE^VEASVaElL 


1 !) 


24 . It appears therefore that wc may give another iji- 

. * > • f?»s* 

terpretation to a differential coefficient, viz. that moans 

the rate of increase of s in point of time. Similarly 

^ , mean the rates of change of a.^nd y rosf)«ctively 

in point of time, and measure the velocities y resol vt‘d 
parallel to the axes, of a moving particle whose co- 
ordinates at the instant under consideration arc j', y. 
If X and y be given functions of ty and therefore the 
path of the particK* defined, and if Sxy Sy, Bty be siinul- 
taneous infinitesinial increments of .r, y, <, tht‘ii 

% ^ 

dy ,8y . ^ 8t dt 


and therefore represents the ratio of the rate of change 
of y to that of x. The rate of change of x is arbitrary, 
and if wc choose it to be unit velocity, then 

^^dt~ change of y. 

^5. Meaning of Sign of Differential Coefficient. 

If X be inveasing with t, the a;-velgcity is positive, 
whilst, if X be decreasing while t increases, that velocity 
is negative. >Similarly for y. * 

dy • • • 

Moreover, since ^ ^ ^ positive when x and y 

dt 

increase or decrease togetheVy but negative whe^ on£ in- 
creases as the other decreases. 

This is obvious alsft from the geometrical Inter- 
pretation of ^ . JFor, if X and are increasing together y 

» 2—2 
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is th(3 tangent of an acute a7)gle and therefore podtive, 

while if, as x increases y decreases, ^ represents the 
tangent of an obtuse angle and is negative. 


26. The above article frequently affords important 
information with regard to the sign of a given expression. 
For if, for instance, be a continuous function which 
is positive wncn x = a and when x = t, and if (x) be 
of one sign for all values of x lying between a and h so 
that it is known that ^ {x) is always increasing or 
always decreasing from the one value 0(u) to the other 
0 (6), it will follow that {x) must be positive for all 
intermediate values of x. 

f • 


Ex. Let 0(ar) = (j- -!)<»* + 1. 

Here 0 (0) =0 and 0' (.r)= 


X 


_ /ij:-^liigher jwwers of // 

— 0 /, ^ —J'ti . 


So that 0' (j'} is positive for all positive values of .t. Therefore as x 
increases from 0 to ac , 0 (.r) is always increasing. Hence since its 
> inittfl value is 7x*ro the cx2)reHsion is positive for all positive values 
of X. 

i 

EXAMPLES. 

'* 1, Differentiate tlio following expressions, and sht;w Ihut 
they are oiich j)ositivo for'iill iV)sitivc values of : 

(if (.'r-2)c^+.r-f2, 

(i i) (.r - 3) c* + + 207 + 3, 

(hi) .V -]og^{\+x\ 

2. In tlio r.urve = if ^ he the angle which the tangent 
at aiiy*^hnt makes wmUi tlie a.vis of S', prove y =« tan 

i \ X ' 

3. In the curve y-c co|h - , prove y ~ ^y&ec 
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^ 4. Ju the cun c find the points at whieh the 

tangent is parallel to t];ie axis of x, 

. [N. B. — This requires that tai i ^ = 0. ] 

5. Find wliat ifinnts of the ellipse r- 1 
tangent cuts off equal intercepts fi’om the axes. 

[N.B. — This requires that ta^j ^ = ± 1 .] 

6. Prove that if a particle move so that the space described 

is proi)ortional to the square of the time of description, the 
velocity will ho proportional to the time, and the rate of increase 
«)f the velocity will he constant. ^ 

7. Shew that if a particle niovos so that tlie space described 
is given by s oc siii/i^, whci'c p is a constant, the rate of increase 
of tlie velocity is proportional to the distances of the particle 
nieiusured along its path from a fixed position. 

8. Shew that the function 

X sin X -I- cos X + cos^ x 

continually diminishes as x increases from 0 to 7r/i 

9. If y=2j;-tan ^ a,’-log^(a’-f Vl 

shew that y continually increases as x changes frtun fsoro to 
positive infinity. 

10. A triangle has two* of its angular points at (o, 0), (0, h\ 

and the third (.r, y) is moveable along the line y =,r. Shew that 
if A bo its area ^ a 

and inteiqire^this result geometrically. 

11. If A be the area of a circle of •radius .r, shew that the 

• dA 

circumference is ^ . Interpret this geometrically. 

12. 0 is a given point and NP a given straight lino upon 
which ON is the perpendicular. The radius OP rotates about 
0 with the constant angular velocity a>. Shew that NP 
iuci’eases at the*rate 


. 0Nso.o^N0P, 



• ClfAPTER ITT. 


FITNDAM KNTAL PUOPOSITTONS. 


27. It will often Iwi convenient in proving standanl 
r(‘sulls to diniote by a small letter the function of .r 
considered, and by the corresponding capital tin* same 
function of x + h, e.g. if // = <^ (.#•), then U=<f>(.r + h), 
(ir if u = o/, then U = 

Accordingly we shall l\ave , ^ 

du j r/— // 


dv j T — -y 
etc. 

We now proceed to the consideration of several im- 
])ortant propositions. 

^ 28. Prop. I. The Differential Coefficient of any 
Constant is zero. This proposition wiR be obvious 
when we refer to thp definition of a constant quantity. 
A constant is essentially a quantity of which these is 
no variation, so thfaf-if = Sy = absolute zero what- 

hy 


ever may 


be the valiuj of Hence k- = 0 and 


= 0 when the limit is taken. 
ax 


Sx 


Or geometrically : y = c the equation of a straight line parallel 
to the^-axis. At eacli point of its leh^h it is its own tangent and 
m^es an angle whose tangent is zero with the j'-axis, o 
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'^29. Puop.ll. Product ofConstant and Function. 

The differential coefficient of a product of a constant and 
a function of x is equal to the product of the constant 
and the diffei'ential coefficient of the function, or, stated 
algebraically,* • 

d . . du 


{cu) = Lfi 


CU—CU y. 

7# -ft I — CJjlh 




30. Prop. 111. Differential Coefficient of a Sum. 

The differential coefficient of the sum of a set of functions 
of X is the sum of the differential coefficients of the se^^eral 
functions. 

Let Uj V, w , ..., be the funotions of x, and y their 

Slim. 

Let f/, F, ir, ..., Y be what these cxpreHsions 
severally become when x is changed to .r + h. 

I'heu y — -{-w ... 

F-f-F-f..., 

and therefore 
dividing by^i, 

Y^y^U^u Vj-v F-jw 

. h h~ h h 
and taking the limit • • • 

dy ^ du dtJ dw 
dx dx dx dx 

If some o^the connecting signs had been — instead 
of -h a corresponding result would immtHliateJy follow, 

y = ?/ 4 , 
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t djj _ iht do dtu 
dx dx dx dx 


31. P]U)P. IV. The Differential Coefficient of 
the product of two fttnctionadB • 

{First F'lmction) x {Diff. Goeff. of Second) 
^{Second Function') x {Diff. Goeff, of First), 
or, stated algebraically, 

d (no) do dll 
• ' die 

With the same notation as before^, let 

y and therefore UV\ 

wheiKMi Y — y = UV — ttv 

— u (V v) F (iA— u) : 

Y^y V^v .r'U-u 

therelore —, hr—, 

h h h 

and .tiihhig the limit 

dy do du 

dx dx^^ dx' 

32. On division by uv the above result lUfiy be written 

^ 1 dy __1 da \dv ^ 

*' y dx u dx V dx ' 

Hence it is clear that the rule may be extended to*pro- 
ducts of more funofcifms than two. 

For example, if y = uvw ; let vw = z, then y = uz, 

\ dy ^ \ du ^ \ dz 
y dx u dx ^ z dx' 


Whence 



funhamei^ta l puoPosmoNs. 

whouce by substitution 


1 dy da 1 i d^v 

^ dx ^ XI d'c^ V dx XV dx ' 


Generally, if* 


y = xmvt . . . 

\ dv . 1 dw 


1 dt 


. 25 ' 


\ dy ^ \ da ^ i U/V ^ i l*M/ I. Urv ^ 

y dx xt dx ^ V dx xv dx^ t dx 

and if we multiply by uvxvt.,, we obtain 

dxf . 1 \du ^ ^ A \dv . . ^dxv . 

(wi...) + (««<...) 3J+ (»*..) + .... 


i.e. xnultiply the differential coefficient of each sepax^ate 
function oy the px'oduct of all the remaming functions 
and add xip all the results ; the sum will be the differ- 
ential coefficient of the^ product of all the functions. 


33. Prop. V. The Differential Coefficient of a 
quotient of two functions is 


{Biff, Coeff. of N umT,) (Betf,) - (Biff, Coeff. of Dcn^.) {Nwh^\) 
Sqtmre of Denominator 

or, stated algebraically,* 

d /u\ dx dx 
dx \v) ' • 


With the same notation as before, let 


y = ^ , and therefore F= 




U 

V 


u 

V 


Uv--^Vii 
*" Vv ' 


whence 





* EXAMPLES. 

[The following differAitial coefficients obtained as results of ^ 
preceding examples may iov present pnrposea be assumed : 


}I=A 


y = f»» 

yi=«* 

y=.r*, 

yj = 4r'‘. 

y=log.;i', . 


• 

• 

1 

2 sjx 

= tan .r, 

y 1 = sec- .r. 

y-sin.r, 


11 

£. 

v/^—cot.>’.] • 
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Difterentinte the following expressions >>y aid of the foregoing 
niles : 

1. .r'*sin.r, .r^log^jr, .r-^taii.r, .r^ log^ sirKr. 

2. r*/siTur, r sin.r/.r\ 8iu.r//^, , c^/sin.r. 

3. tail .r . log^ sin .r, ^■*log^.r, sin® .r/cos .r. 

4. .'^’■Vsin.r, .r ttin .r loge .r. ^ 

5. sin /r/e*, .r7<«*sinA*, 1 /.rV sin 

6. 2 V-r • sin .r, 3 tan 5 + 

7 . e* ‘h \/.r), (tf* log^ .r). 


35. Function of a ftinction. 


Suppose u =f(v) (1), 

where v = ^(x) (2). 


If be changed to a? -h So?, ?; will become v -I- Sc, and 
in consequence it will becomes u + 

Now if V had been firat eliminated between equa- 
tions (1) and (2) we should have a result of the form 
u = F(x) (3). 


This equation will be satisfied by the same simul- 
taneous values X -f- Sx, m -1- Bit, which satisfy equations 
(l)and(2). Also 

8u _ Bu Bv 
Bx ~ Sv * Bx ' 

and proceeding to the limit 


Tjti 




^ “ as obtained from equation (3), 


lAsv=.o obtained from eipiation (1), 


= ^ as obtained from equation (2). 
dm . dit dv 
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36. iuHtance, tho tliJT. coefT. of .t- 


Boeil. of.t- is 2a-, i 

anil of lo^'o sill a; is cot x. | 


Suppose M = (log,, sin or)®, i.o. r- where r — log* sin. r, then 
du dti dv 


dx dv * d.c 


' 2tJ . cot .T “ 2 cot X . log„ sin .r. 


37.‘ It is obvious that the above result may be 
t‘xtoink‘(l. For, if u = <f}(v), v = ‘i/r(?o), w ^vo have 


4 


but 


and therefore 


^ du _ du dv 
dx dv ’ dx ’ 

d.v _ dv dw 
dx dw ‘ dx ' 

du ^du dv dw 
dx dv * dvr * dx ’ 


and a similar result holds however many functions tluM O 
may be. 

The rule may he ea^pressed thus : 

d (l«t Func.) _ d (l«t Fnnc.) d (^id Func.) d (Lattt Funr,) 
dx “ d (2nd Func.) * d (Srd Func.) dx 

or if (t = 0 [f {i?'(.A)l], 

g X [F{fa)] X X.A. 


Thus in the preceding Example 

5in*)> ^ . cot*. 

dx d (log« sin x) dx ^ 

Again, 

d (log, sin j?*) _ d (log, sin x^) d sin .r'-* dr* • 

• dx ~~ d(sinj;'^) dx” * dx 

1 • ‘1 
= ~ - , . eosfl?* . 2^=:2.r cot a;®. 

Bin a;® 



INTERCHANGE OF THE VARIABLES, t\) 


38. Interchange of the dependent and Inde- 
pendent variable. If in the theorem 

du d if 

dx ~ dy dx 

WC put U = Xy 


thou 


dll _ dx _ r. (x-Vh)^ X __ 


and we obtain the reault 

dy dx _ 
(be ■ dy~ 

dy 1 . 

dy 


39. The truth of this is also iruiiiifest gc'omotrieiUy, 
for ™ and are respectively the tangent and the co- 
tangent of the angle y[r which the tangent to the curve 
y = f(x) mak(?K with the ^-axis. 


'/ 40. This^ormiila is very useful in the differentiation 
of an inverse function. 


Thus if we have 


*=/(y). 


and 


dx 

dy 


=f(yh 


a form which we are snppysiug to have been in vesti|^ited. 
dy 1 1 , 



30 


nisFFEHEJSTlAL CALCCLUS. 


EXAMPLES. 

A8.siimiiig as l)ef()i’e present purposes tho following dificroii- 
tial coefficients, * * 


(tf 

d / 1 

t y 

dx 2V.V 

d . 

sill cf = CO.S J 

dx 

il 

5* 

11 

H . 

d 

, taiKC— hcc- 
\d.V 


write down tlw differential coefficients of tlic following com- 
bi nations : 

1 . e •'y sin^./;, \/«in.r, Vlog^./’, sin 

2. e^y e^^, 

3. loggsin.'/;, log^ taiw, log^ log«u^ ‘. 

4. sinlog^a*, taiilogc.t', \/i5inlo^.r, .\/sin\/-<’> log«sinv*<'. 

5. 1< )g<. Jain*/ tan log^ sin e 



CHAPTER IV. 


.STANDAKl) FORMS. 


41. It is the object of the present Chapter to 
investigate and tabulate thtr results of differentiating 
tlu) several standard forms referred to in Art. 21. 

We shall always consider angles to be measured in 
circular measure, and all logarithms to be Napierian, 
unless the contrary is expressly stated. 

It will be remembered that if = <^ (./*), then, by the 
definition of a differential coefficient, 

^ ' du j S — (f) (x) 

' 'h • 


42. 

If 

then 


and 


Differential Coefficient ofx‘^. 

O v = (l>(x) = x”’, . 

(I)(x-^k) = {x + hy, , 
{a;+hr-.Y' 


-1 

y, since h is to be ultimately zero, we may con^uler 
bo less than unity, and we can thejefore apply the 
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Binoijjirtl Theorem to expand M + » whatever be the 

value of n ; hence * * 


du j X 


h n (/i — 1) k- 
”~+ "”2 

n {n~ 1)(«^2) A” 
~ ' 3 ! ■ ar’ 


•} 

- ^ coww6?/v7^/ii series) 




A 


43. It follows by Art. 35 that if u = [<f) then 


EXAMPLES. 


Writo down tlic differential coefficients of 


1. 

■r, ;r>«, 

V -1 r 

.If .t , 

j,' 

1 

i, ;r.», .j 


2. 

{.v + tl)", 



1 

.X 4- a ’ 

1 

"i 

(«.r +/-»)«, 





4 . 

i+.i'+g-j 

4. L a 1_ 

3 ! 4 ! 5 ! 

f+ 


• 

5 .^ 

a 4 - 5 v*'* 

y/a + \^x 

V-r ’ 


Ja-^x 

'Y a-d? 

ya+^ 

’ Y «-»■ 


®* rSrSj^’ (a:+a)»'/(A-+6)". 


<> 

44. Differential Coefficient of a*. 

If ?( = ^ (ar) =. a’', 

<f>(.e + h) =rf^*+^ 
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and 


Cor, 1. 
Cor. 2. 


du j tt*+* — «* 

' * h 

_ra a*— 1 

=* d 

= a^\oge<t. [ArJ. ]5.1 
If w = e*, ^ ^ logtf « = 

Tt follows by Art. 35 tliat if u==€^^^'^\ then 


45. DUterential Coefficient of log„.v. 

If 11 =: <f> (a;) = loga®, 

^ (a; + //,) = logrf(a; + *), 

I _ r . log* (ar + A) - log* a: 



= X<,.oilog*(]+^). 

Let = Zy so that if A *= 0, = oo ; therefore 


=iii,_iog*(i+jy 



[Art. 44r] 


Cor. 1. 

Coa 2. 


thc^ 


If M = logejc, ^ = - log«e = - . 
“ dx X ° X 


And it follows as before that if 
M = log,^(ar), 
du _ ^{x) 
dx~ i^{x) " 


E. I>. C. 
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EZABIPLES. 


Write down the differentiul coefficients of 


1 . e- 


cosh .V,' sinh'.i', 


2 . logV-'P) log<.r+a), log(«.r+ft). 

log,« 


* 2 * + ^ 

1 + C- *■ 

log + 


I l+a: 


1 -A-=’ 

3. </)(<^), ^(log.’-). [</•(«■+■.?.•)]*. </•[(«+.»•)*]. 

4. <^log (.r+r/), 2* .7*'’ (degrees). 

5. log(.r + «*), <?»'4-log.r, r*^/log.r. 

6. <•'*“**, log (.7-^), log.r®'. 

46. DifTerential Coefficient of sin o\ 

If u—<f) (db) = sih a\ 

<f) (w + h) = sin (.^• 4- h\ 

j da j. siii(^4-A) — sina; 

and = h 

r^2., 
nr 




2 ein | cos | 


. h 

sm^ 

== //<ft=o ' T" " COS 


•T~' 


«(^ + H 


= 008.-1?. [Art. 11 ; I.] 
47. DUTerentlal Coefficient of cos x. 

If U = if>(x)= cos X, 

^ far + />) = cos (« + A), 

/ du r.. cos (a! + A) — cos a: 

Md . j 
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h 

sm^ 



= — sin X, 

Con. And as in previous cases the differential 
coefficients of sin <{> (rc) and cos 0 (x) arc res})ectiv(d y 

cos <l> (x) . <l>' (x), 

and — sin <f> (x ) . </>' (x). 


EXAMPLES. 

• • 

down the difforenti.al ooeffieientH of 

1, sin 2.r, sin sin”.!/, sin.r^ sin \4r 

2. ^AsinV-'^^j logsin./’, logsin 

^3. sin*^*.r cos*‘.r, .siir**A;/cos**.r, sin" (/i.r**), r'*-*’ sin 

4. sin .V sin 2,r sin 3 j’, sin x . sin 2x/nin 3.r. 

5. cos ,v cos 2x cos 3:r, cos'* a.v . cos^ h.v . cos’’ r.r 


48 . The remaining circular functioui^ cai^ be diffo - 
entiated^rom the definition in the same way. It is a 
little quicker however to proceed thTjs after obtaining' 
the attove results. ... 


(i) 


If 


y = tan x = 


sin X 
cos^r ' 


da? "" cos* X 


cos* X + sin* a ? 
cos* a; 


= sec* a*. 


3—2 
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(ii) 


If y = cot 


COS a; 

sin X * 


dx 


sin x) sin x — cos x (cos x) 


sin* X 


= — cosec* a;. 


(iii) If y =^seca? = (cosa?)“^ 

^ = (- 1 ) (cos ^-r (cos = soc .* t,in .r. 

(iv) If 7/ = cosec X = (sin a?)”^ 

. i\ / • \ 0 ^ / • \ cos a: 

= (— 1) (sin a?)”* -f- (sin a?) = — ~r-r- = — cosec x cot .r. 
f/.r ^dx ' sin* a? 


(v) If y = vers a? = 1 — cos a?, 


dx 


' sma?. 


(vi) If y = covers a; = 1 — sin a?, 

^7/ 

— cos a?. 

aa? • 

49. Differentiation of the inverse functions. 

Wo may deduce the differential coetRcients of all 
the inverse functions directly from the definition as 
shewn below. ^ *' 

For this method it seems useful to recur to the 
notation of Art. 27 and to denote 0 (a? -f /*.) by TJ, • 


60. Then if w = 0 (a?) = sin”^ a?, 

= <^ (a; + A) = sin”-^ {x -H A). 
Hence x = sin w, and a? + A *= sin JJ \ 

therefore A = sin TJ — sin u, 

JJ-u ' 


d;ii 


JJ --u 
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1 

U-u \ 

1 

• 1 

2 

I 1 - 

. U — u 

r- 2 , 

U+u 

1 -T' 

_ 1 _ 

1 

_ i 

cosw 

^i— sin®2^ Jl — a^ 


and the remaining inverse functions may be differen- 
tiated similarly. 

51. . But the method indwiated in the preceding 
chapter (Art.. 40) for inverse functions simplifies and 
shortens the work considerably. 

u = sin^i it\ , 

X = sin iL ; 
dx 

I _ l' 

dm ^ costt 
du 


Thus 

(i) 1/ 

we have 
whence 

and therefore 


and since cos”^ a? = ^ — sin”^ x, 

• d coi;"^ X 1 

we have -j = = • 


(il) If 

u = tan"* X, 



•we have 

X = tan u ; 



whence 

dx 



and therefore 

"du 1 

1 

1 

dx ~ sec® « 

1 + tan®^ 

! + «;*’■ 


and isi^ce 


cot""^ it* = 2 — tan ' 
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wc have 

(iii) If 
we have 

when(?e 
and therefore 


d cot~^ X 
dx 


1 

c 1 + ’ 

u = sec**^ .r, 

X sec u ^ 

. dx 

= sec u tan u ; 
du 

du _ cos- n 

dx sin u 


1 X Jx- - 1 


and since cosec”^ x = — sec*"^ x: 

, d (cosec“^ x) I 

we have ^ — , — - , — 

dx iff Ja^ ~ 1 


(iv) If 
wc have 

whence 
and therefor 
whence also 


II = vei-s"^ j\ 
iff = vers = I — cos u ; 
dx 

-V- = Hin n : 

da 

du __ I _ I _ i 
dx~min J'2 m'-x‘ 

d covers”^ x _ 1 

dx Jtx — x- 


EXAMPLES. 

Write down the'difterehtial coefficients of each of the follow- 
ing expressions : 

1. sec.r^, sec"^.r'-^, tan.r^, tun vei-sd;-, vers '^u?^. 

2. tair^e^, tauc^, log tan .r, log tan log (tan a)'. 

.f, X * 1 — 

3. vc»’s ^ , vci’s “ * (.r 4*«), tan ^ - , am ^ r— . 

4. * ^covers .r, taiW^ w^, ^ xf% x log tan “ * ./*. 

5. tiin.r.sin sec 4an.«*, tin ‘sec.//, //.sin®^.n 



52 . 

MEMORY, 


STANDARD FORMS. 

Table of Results to be committed to 


u = 

ii-i 

dx 

= a-®. 

%-a-iogA. 

It = e*. 


it = logait’. 

du 1 , 

- - = - logae?. 
dx X 

It = 

du 1 
dx X ’ 

u = siu u;. 

du 

=s cos if. 

^dx . 

It = cos a\ 

du 

* - = - sill if. 
dx 

11 = tan if. 

du „ 

— = S(‘C^if. 

dx 

It = cot ff\ 

du .. .. 

= — cosec*' it. 
dx 


du siu if 

it = sec j;. 

dx cos® X 

• 

du cos if • 

it = cosec if. 

dx “ sin'iif ’ 

it = sin^^ i^'. 

du 1 

- — = • _ %. — •* 

ddX J\ 


U = cos"* J'. 

m 

u = taii'^ .r. 


du __ ^ 

dx Ji - 

dll 1 

d,r. I + 

\lii 1 _ 

da) l + a?'/ 


u = cot * 
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tl = 8CC~‘U!. 


du _ 1 

dx ~ 


u = cosec”^^ it\ 

u = vers“* a;. 


du ^ * i * 

xjaf-l 
du _ 1 

dx ~ J-lx - a? 


u = covers""^ w. 


du 


dx 


J 2x — 


63. The Form u^\ l«ogarithmic Differentiation. 

In functions of the form where both u and v arc 
functions of x, it is generalFy advisable to take logarithms 
before proceeding to differentiate. 


Let 

y = 

thou 

log^y=i;Ioge^4; 

therefore 

1 dy do , , i X .1 1 4 - 

or 

dy /, dv , V du\ . 


Three cases of this proposition present tht-inselvcs. 

dv 

1. If V he a constant and u a function of x, = 0 
ajid the above reduces to 

^ = v 

dx dx’ 

as might be expe6ted froni Art. 4.*1. 
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II. If u be a constant and v a function of .r, , = 0 

dx 

and the general formj|^oved above reduces to 

^ dv 

a- -a ’ 

as might be expected from Art. 44. 

III. If u and V be both functions of x, it app(‘ais 
that the geneml fonnula 

dy „ , dv „ , dti 

E='' 

is the sum of the two special forms in I. and II., and 
therefore we may, instead of taking logarithms in any 
pai*ticular example, consider first u constant and then v 
constant and add the results obtained on these supposi- 
tions. 

Ex. 1. Tima it* y = (8ina;)*, 

log a; log sin x’ ; 

thcrofoi’o - ^^=logsina; + a;cot.r, 

^ !/dx ^ 

and = (sin a:)® (log sin x + x cot j; j . 


- = (sin x)^ (log sin x + x cot j; j . 


Ex. 2. In GU8C8 such 9 .sy --xi^ + (sin x)^, we cannot take logariilinis 
directly. • Let u =a;® and v = (sin a;)*. 

• dy du dv 


whence 


logu=a;loga;, 
logv=;z;log Hin;r; 

^=ic*{l + logx}. 


and J- ~ (sin .t?)* {log siu x-{-x cot x j , 

and = a?*{ 1 + log j;} + (sin ;rl*{ log sin j: + a: cot a: } . 

The above compound f»rocess is called liOgaritlunic 
differentiation and is useful whenever ^variables occur 
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as an index or when the expression to be differentiated 
consists of a product of several involved factors. 


EXAMPLES! 

1. Differentiate (sm“^ 

2. Dijjereiitiato (ftiri . /•)*““■*■+ (cos (tan a;)* 

3. Differentiate tan j: x Ing .v x x .r* x V x. 


54. Transformations. Occasionally an Algebraic 
or Trigonoinrotrical transformation before bc^ginning to 
differentiate will much shorten the work. 

(i) For instance, Kiippose 


We observe that 
whence 

(ii) Suppose 
Here , 

and therefore 

(iii) If 

we have // - tun ' 


, , 2x- 

V - tan~^ . 

1 - .T- 

;y = 2 tan~' .r; 

</// _ 2 • • 

I _i 1 ^ 

2 '=*““ ‘r-*- 

?/ = tair^.r+tan"^ 1, 
(l!/_ 1 

jy^tan 1 -- 


I- 


1 

« V 1+x- , 


1 f- 

djf __ .c 

Differentiate ; 


V 


7r-*= 

i + .r- 


tan-* 


/l 1 

V r+.rS“4 2* 


EXAMPLES. 


1. 2. tan-*-^- 

I -3^'- < 7 +jt>.r 

4. tan ^ — . 5. 

Vi 


3. tin 




6. scc“* 


1 


1 - 2 ./;-^* 



STANDARD FORMS. 


7 . !s«iotau”‘.a;. 8 . cos"*- 


9. Hill -1 (at -4^'*). 


10. 11. ilOH 12. 

55. Examples of Differentiatioa. 

Ex. 1. Let y=^/^, where z is a known function of .c. 


and = , ^ 

1 dz 
" 2 * dx ' 

Tliis form occurs so often that it trill he found conrenient to 
commit it to memory. • # 


Ex. 2. Let 




d (e v'c®* *) _ (W^) d ( ;^cot x) d (cot x) 

AT ~ ,i (^cotl^ ■ if (cot .r) * ■■ <U: 


2 Jeoix 


. ( - C08CC‘‘*.t). 


Ex. 8. Let y = (sin xy*'«* cot { c* (a 4- h.r ) ) . 

Taking logarithms 

log y = log .r . log sill .r + log cot \ {a i- h.r) { . 

The differencial coefficient of log w is i . 

y d.r • 

Again, log x . log sin x is a product, and wlicii differentiated 
beconaes (Art. 81) 

1 • 1 • • 

- log sin X + log .r . . . cos x. 

X ° ^ sin X 

Also, log cot {e^{a + hx)\ becoiiies when differentiated 

cot{e*fa+ MT • f 1 J • < M + '>«* i ; 

^ = (sin ar)*®** . cot { e* (a -}- hj ) [ log sin .r + cot .r . log x 

~ 2e' {a “h i» H h.v^ cosec 2 (r^a -i- . 
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Ex, 4. Let b* cob*-* (log .r). Then 

dy _ d J a- - 6*-* cofl“ (log a;) d (a- - cob^ (log a;) } d { cos (log a) ( 

dx “■ d {a- - 6*-* coB^'^bga;) } ^ d {cob (log x)} ^ d (logic) 

’ • • d(log.r) 

dx 

= J {a? - i;*-* cos*-* (log S) } “ ^ x { - 26** cos (log a;) } x { - sin (log ^) } >« j 

— 6*-* sin 2 (log a-) 

2j; Jar - 6* cob** (log a:) 

Ex. r>. DiffC^rentiate with regard to a:-*. 

aj*=^. 

dx^ 

dj^ __ c/a:® c/j; cifa; _ o.t’* 
c7i? *" da; ‘ dz ~~ dz"^ 2a; 

dx 

9 * 


Let 

Then 


66. Implicit relation of x and y. So far wo 

have been concerned with the case in which y is ex- 
pressed eocplidtly^ i.e. directly in terms of a?. 

Cases nowever are of freqveiit occurrence in which 
y is not expressed directly in terms of x, but its 
functionality is implied by an algebraic relation con- 
necting X and y. 

In the case of such an implicit relation we proceed 
as follows : — * 

Suppose for instance 




then 


i.e. 

3 («» - ay) + 3 (y“ -ax)^ = b, 

giving 

iif = 

dx y^ — ax 



PARTIAL DIFFERENTIATIOX. 


to 

57. Partial Dlfferentiatioii. It will be per- 
ceived in the foregoing example that the expressions 
3 (a-® — ay) and 3 {y^ — ax) occuning are algebraically 
the same as would be 'given by differentiating the ex- 
pression ir® — ^axy fii*st with regard to x, keep- 
ing y a constant, and second with regard to y, keeping 
X a constant. 

When such processes are applied to a function /(a?, y) 
of two or more variables the results arc denoted by the 

symbols ^ ^ • Thus in the above example 


and ^ ^ 

This is termed partial differentiation, and the results 
are called partial differential coefficients. 


• 68. A general proposition. It appears that in 

the preceding example • 

dx ^ dy * dx * 

y 

dy _ dx 
dx^ 

This proposition 'is true for all implicit relations between 
two variables, such as /(x, y) = 0. 

^Suppose thfe function capable of expansion by any 
means in powers of x and y, so that any genei’al term 
may be denoted by Ax^y^, • 

TBen f{x, y) = = 0. • 
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or 


Thoii differentiating 

+ Axi*qy*i~'^ = 0 , 

= 0 

dx dy * dx 


Ex. If 
wo have 


/ (.r, y) = .-r® + .r*y + //** -- 0, 

1=^+3,^ 

dy _ 5x* + 4.r®// 


EXAMPLES. 


dy . 


Find ^ in the following cases : 

1. .'<7^+^^ =«•**. 2. .r^+yj}— <-1". 3. €V^,vy, 

4. log 4-y^. 5, = 1 . 6. •r*' + ?/=^ = 1 . 

69. Euler’s Theorem. 

If w = + Jh'^y^' A- ... = XAx^y^^ say^ whet'e 

a -V y8 = a' + /S' =i . . . = n, 

^0 show that a? ^ + V ^ 

3a; 3y 

By partial differentiation we obtain 
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then * ^ ly ~ ^Aaus^uP + 2^1 

, = SA (a + /3) a.-/ 

= iiZAx^ijP = nu. 

It is clear that this theorem can bt? extended *10 the 
case of three or of any number of independent variables, 
and that if, for (ixample, 

u = Aaf^y^zy + Baf-y^ + . . ., 
where a + yS + 7 = a' + ^' 4- 7' = . . . = w, 
du , du , du 

then will X + y v 4- -^ = nu, 

ax ^ ay az 

The functions thus described are called homoyeneous 
fnnetions of the andUhe above result is known 

as Euler’s Theorem on homogeneous fiinctions. 

EXAMPLES. 

Verify Euler’s theorem for the expressions : 

(.'r^4-y^)(.r“4-V"), • v — r — g > .r^sin’^. 


EXAMPLES. 

Find ^ in #lie following cases ; 


, 24-a^ 

!• 1“."^ • 

^ 1 


2. y=^Va + x, 3. »/ = N/a‘-*4-.r2. 


' *• V'^t- 

1+5+^' 

9. y~tan“i (loga?). 
11. y=sin (c*) log x. 
l£ y = log cosh .r. 


e 1 - 

5. y=-;=^. 

8. y=log 


6. .y = — / T~« • 

V.v2 - 

x^ + .v+i 


’^•2-.r4-l * 

% 

10. y=Bin.r°. 

* 12 . y = tan“ 1 (c*) log cot a\* 
1 A y = vers" ^og (cot x ) . 
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15. .V- cot 

17. v-tair' *_ 18. *4-(HiirV)’“(co«-'^)*. 

■ V .r;’* - 1 

19. V - V “ ' 

Lv ..r\ ^ .ruCKS"'.r 

21 . V 7 /)* 

i\ ,a-f/iCos.#‘ / 

''■'’"‘"'.r)' T+iTcmo'' 

25. iy=«"‘" '■•log(HCt*.'>'‘'). 26. y=e»*cos(/>tiur‘.»-)- 

27. »/=*■«■"■' (""••O' 28* .»/=«« (log„V'/Hr2\ 

29. .y-t,au-'..’ + ilogJ;J;^^ 30.. »/=log(log.r). 

31. y = log* (x), wliero log" ineaiw log log log. . .(rei>eatetl vi timPH). 


•7/= - log 

^/b+^-^h^Unl • 

;y = 8in-'(.rV^^-^'^Vl-^). 34. y-K""'. 

.v=6^. 36. 37. y = .*/. 38. 

?/=A«+iJ«. 40. »/= (cot (cosh .r)“**. 


\/6+«+V6-«t<w»| 


33. ;(/=8in-'(.rv 
35. .v=«^- 3 

39. y=A'*+^«. , 


41. y=tan-‘(««^.-‘"J)-^''-,. «. ?/=siir‘(p'*»-'''). 

* l+Xi • 

44. »/=tftn-W V^ + cos-'iP. 45. 

46. i/=(co8.r)“‘*'. y*“(cot”* a-')'. - 

48. *«• 
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60. tun y — sin a*. 51, <tx^ 4- ^hxy + hy'^ 1 . 

52. . 53. (cos j')*'- (sill .y/. 

(6a'”)4 

54. 55. A=-ylogAy. 56. 57. 

58, 59. fy.t*® + 2/uy + ////4-2y.i-+2/]/4-^*-0. 

60. 61. see*'* A“*. 

“■ “ •''' 5 Sw' {J+ i* + l+r} • ■'”" *'■“ 

' CJtf' 

63, l)ifFemitiatc log^Q.r with r^igtird t<> 

64, l>itrei*ciitiate (A*'* + <«»i'' + ^/‘'^)’^h>g cot with rog.irii U/ 

tan*** (a cos bx). 

65, J)ifthrciitiate with regard to wiii 

a/ X ”4*" i 

66, Differentiate taii"^ ' — with i*ogai’d to tan' ' .i\ 


67. Differentiate ^vith regard to \/l - 

68. Differentiate ^ regard to*\/ 1 — a-. 

• • • j 

69. Differentiate tan - * - -^ with regard to see“^ ^ . 

2a' 2j? 

70. Differentiate tan“* with regai-d to sin”» ^ . 

71. Diff*erentiate u;^ log tan' * a* with I'egard to . 

A't 

72 . ’fy=-^-''''''’p«>ve.rg = j--j^--^. 


E. D. C. 
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73. • f .y - 7 , ■*'’ 1»|-OVO - 7 , 2.>’ 

1 4- ...to ac » t > ^ 1 -H . 

1 + 

74. j 1 , 

a/4- ...t<i 00, 


76. If // -- \/.sii I ./• 4- \/.siii .r 4* .r + \/ etc. to oo , 

76. If /S'„==-tho .Slim of u «. r. to a torin.s of which r J.s the 
common ratio, i>rove tluit 


j‘ 1 

77. If, -«+- . 1 




d /F\ 1 


... - ?*‘**cos2^ r‘cos3^ 

78. (hveii ^ -l4-roos^4- 

j o sill Z3 , 

and >S — ?• sin $ H ^ j — 4- - — + . . . 

shew that ^ ^ SV ~ ^ ^ i 

9 

79. If ^ — sec 4.r,*prflve fliat 

dy 16^ (I -f*) I . 4 . 

i = (r_ ,«.+<.)» '=*'«> •'•• 

80. If y = i' “ sec ■ ' (.r i^h) luid t* + x^z = .r-’.^find iu terms of 

* X and z. 

SV " I’rove that if x be less tbai» unitv 

I . 2x 4x^ Sx"* j ’ e 1 ® 
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82. Pn)V(s that if x l>e less than unity 

• • 

83. (liven Euler’s Theorem that 

- X .V X ,r sin .r 

VOS - cos -J, cos g:, ... cos --= 

piwo |tiVH| + J ti>n|s + 2 s*'‘"^.i+ — iuf. = ^ -fot.v, 

iind p«co !‘2 + ,j^sec«|j + ^sec'‘^,+ ...Adinf. = (!(>npo-“.r 

84. Diftcrentiate logarithmically the expressions for sin ^ 
;nul cos^ in factors, and deducts the sum's to infinity of the 
following series 



+ 

5‘-«~2V 


5 V’^’ 

1 


1 

1 

1 


-h 



'^4‘^ + x‘‘ 

1 


1 

1 

1 


+ 


+ 



• ' ■'"l l 4 - 22 + I + 32 ‘‘' 

85. Sum to infinity the s(‘ries 

L ! ^ ^ 1 L L 1. 

r+;-+i i+,..'=+4 

86. If J/n re[irescnt the sum of the homogeneous products 

of n dimensions of ,r, pifive 


9^» 

S/fn . 

^r[n 


- +2 
oy 

VZ 



dl/n 

+ 

0y 

dz 


4—2 



CHAPTER V. 


SUCCKSSl VE DIEKEUENTIATK )X. 


60. When y is a given lunetion oi‘ .c, and has 

been found, wo may proceed to differential e a second 

time obtaining (‘xpressioii is called the 

second differential coe^ffeieni of y with respect to ./*. 
\V\* may then differentiate again and obtain the third 
differential coefKcicuit and so on. 


d V 


or 


The ('xpression abbreviated Jnto [J- j y 

d‘tf d (d“ij\ . rfV/ 1 • 

dx^ dx \dx’/ dx' 

Thus the sevi*ral differential coefficients of y are 
written 

c ^ • 

dx ’ dx" ’ rf./;® ’’ ' ’ “ 

# 

They an* often further abbreviated into 
* yi* ya. ys,-.- 
Ex. 1. Thus if we liavo 

i/3=n(«-l)x*-=, 

, j, 3 = n (»-!)(«- 2) x»~», • 

and generally //,. = « (» - 1). . . (// - /* + 1) 


y«H=J^»+s=.'/»4a= •=0- 



SU( VESSIVK niFFERENTLi TK^X. 




/yi = sec=».r=l + //-. 

'^ = 2.V.Vi=<^ {y + v% 

2 /y =2 (1 + :V) yi = ‘*2 (1 + 4 //' + %"*). 
2/4= 2 (% + l2i/3) i/j =8 (2// + i>2tf 3//®). 
A’C. 


Ex. 3. If 

//, = 2 x)l ij I - .r-*, 

squaring, (I - .r®) y,- = 4y . 

Hence differentiating, (1 - .i*-*) - 2x//,- = 4»/i, 

and dividing by 2/yj , (1 - .r-) tj., - jciji = 2. 


61. Standard results and processes. 

The differential coefficient of some functions are 
<*asy to find. 


Ex. 1. 

If 

y -= (•<“ wo have yi=at^, y. 




Cor. i. 

If 

0 = 1, 

1 


)/ = /■»•, i/i ya=<'*. 

Cor. ii. 




//i = 0«g-«) =^(logctt) 

y.^- (log,rt)*-« <•* = (logea)“ tf* ; 

etc. = etc. 

?/» ■= = (loge a)" ft*. • 


Ex. 2.’ If 


Coif. If 


y = log*(.c4-«); 

__1 . __ 

x + a* (/+«)■•*' ('c + flj*’'' 

_ ( - iz:?) ^) •(- » + ^ ) 

" (.'C + <l)" 

(•g+«)" 

1 ■ _(-!)*«! 
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Kx. 3. Jf y =fiin{ax + h); 

//j = (I COB (fl.r -I- h) ~ a sin ^a.c + ^ J 

y., = a® sin (^a.t h + y ^ ; 


^ X 3ir\ 

y.^=:a^tiin (ax-^h + ~\ ; 


1 

7 /„ = a*‘8in ^fl.c + 6 } . 

Similarly, if 

?/=cos (rt.r + 6). 


//,j == CO.S ^rta* -1- 6 + y ^ . 

Cor. If 

a=l and 6 = 0; 

then, when 

y = sm X, y^ = sin H' -g ) *» 

and, when 

j/ = cos.r, 7/„=cos ^a-+ y^ . 

Ex. 4. Tf 

y = t'>>^Hin (bx + c ) ; 

yj = flc*** fiin (bx + c) + 6e®* cos {hx r). 

Let 

« = rcos0 and f\=rBin0. 


60 that 


Ifl and tan 0= j 


and therefore y ^ sin (6a; + o + 0) . 

Thus the operation of differentiating this expit^ssion is equivalent 
to multiplying b'y r and adding 0 to the angle. 

Thus • I/.J = r-f sin (6j + c + 20), 

and generally = /•’' ® sin (hx + c + «0) . 

Similarly, if y = cos (6a* + c), 

y ^ = cos (6a; + c + w0) . 

These results are often wanted and the student should be able to 
obtain them immediately. 

Ex. 5. Find the differential ooefficient oi sin’ a;. 

1 

We, have y ssin** j=- (Ssin^a; - sin 3a-). 

Hence js s^i ^a*+~^ -3*8iu ^3.r + . 
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Kx. <». 
H«‘re 


If 1 / = siu-.r coH'"* j*, iind i/^. 

w = ^ siu- 2.1* COK a? (1 - <*o.s 4.r) cos .r 
4 8 

1= i (2 caf(.r - C 08 3.r - cos 5ar), 


and 


i/h= js cos ^.r + cos ^Ha- f o'* cos -| 



EXAMPLES. 


f'ind 2 /m ill tlio following caseK.: 


1 . 

1 

+ 6 ’ 

2. J-. 

3 . 

a 

1 

— hx * 

4 . 

X 

*t+hx ' 

5 . 

orj,*4-ft 

r.r+d* 

6 . - . 

X — it 

7 . 


1 

8 . 


9 . 


• 

10 . 

log (ar 



11 . 

y=:ain .r sin 

1 ±r. 

12 . 

y 

=(L^sin.rsin 2.**. 


13 . 

y~e*Hin^ .v 


14 . 

y 

= cos* Ki 



15 . 

y = sin X sin 

L 2.f8iii 3,r. ' 

16 . 

y 

= ^ sin* X c 

•os■^l 


17 . 

y = siller sin 2.i’. 

18 . 

y 

= rj*sin*.i*,sin 2.**, 



62. Use of Partiar Fractions. 

Fractional expressions whose nuinc*rators and de- 
nominators arc; both rational algebraic expressions 
afe differentiated n times by fii>4t putting them into 
partial fractions. 

(.c - ri)(.r-i;)(.r-r) “ {awh)(g,-€:) .r- « 

^ (ft - c) (fc - rt) af - ft ^ (»• -«)(<;- ft) X - <: 
(see note on partial fractions Art. OG ) ; 

, . «« (-l)«w! . ft* (-l)**w! 

therefore ^ ^ j ^ 

c* (-h)rn! 
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then 


Ex. 2. //-' . 

• (. 1 * -])-*(* + 2 ) 

To put thiH into Partial Fraotionn let .r = l + ^; 

\ \^-2z + z^ 9 

3 + z 


1/1 5z 4 1 • • 


- i 5 4 1 

\V- 3 +~z 


I Ji_ 4 

“ 3 (.t; -1)*-^ y (.r - 1) y {X +“2) ’ 


^vhe.u.e , + (_-^ ir 

3 (.r - 1)“+- y (. 1 - - ' y [r 1 2)» “ 


63. Application of Demoivre’s Theorem. 

When quadratic factors wliich are not resolvable 
into I’eal linear factors occur in the dononiinator, it is 
oftiMi convenient to make use of Denioivro’s llieoiom 
as ill the following example. 

(r f ifi) (.r - irt) * 

*2ia [.r-if/ + 


Then 

Let 

whence 

ITence 


2 t« ^ ((u-~ crt + 

.r-rco8(9 and a = r8in^, 

7 -- = .p3 + a- and tan 0 = - , 

X 

y,^ = ^ - 1 Bin Oy « (cos ^ + 1 sin ~q 

“ ^ “ n+-/* ^ (” + 1 ) ^ Biu’‘+^ Of 


whei^i 


^=tan”* - . 

X 
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CoH. ]. Similarly if ji= 


1 

(.r -I- />)»+«=’ 




where 

Cor. 2. If 
and 
when' 


^ = tan ' 


h I- .f ‘ 


i -1 

V = tan ^ , //I = .. , 


.Vh 




* sin nO 8in’W>, 


tan 6—~^ = coty. 

EXAMPLES. 


Find tlie diilhrcntial (coefficients of ?/ witli it's|>o(‘fc tt> .c in 
th(» following cases : 


1- = 

2. 

A 

+ 1 ■ 

3. y=H«g-.-_^. 

4. 

.»' --= 4 • 

• .r - ir 


V 6. 

1 

' (.r-i + r/'-J) + 

7. //-tan-‘ 

8. 

1 


10. 

• 

s> 1 


64. Iieibnitz’B Theorem. • . • 

* [Lemma. If denote the number of combi natioiH of n tilings 
r at a time then will 

H^r •■n^r-41 = nH^Wl* 

, j. W 1 1 IJ 

’/• 'a - r ^ ;r + 1 la ” r - 1 I r I a - r - 1 [a - r ^ r * 1| 


• jn + l 

_ .1 - 1 

- lr+liw-r”"+l 
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r)8 


Lob and lot siiftixes donr)to.difton*iitiiitions 

with regard to Then 

y, = ifiV + VVy , 

y.j ~ + tn\, rlifteri*ntiabion. 

Assninti generally that 

?/n = + nGiU„,,V, 4- + . . • 

+ + uGr-v ,//n-,.-iVV ■ .h («). 

Therefore difiFerentiating 

f ) I G ) 

?/«+! = M«+l» + 1“ -j j- + M« -.»’s K* f, I +• ■ • 

4" ffn 1 ^ ^ f | d . . .4“ i 

== 1 1^’ + „ MnnVi 4- «4 iG^n- iV., + ud 'Vb/ •>'’.; 4* . • . 

+ w4 1 +• • •+ uVn } 1 , by the Lemma ; 

tlioreforc if the law (a) hold for >? differentiations it 
holds for 4- 1 . 

But it was proved to hejd for two differentiations* 
and therefore it holds for three; therefore for four; 
and so on ; and therefore it is generally true, i.e., 

(nv)„ = u„v 4- nGiUn^ii\ 4- „Gm„ >n, 4-. . . 

• ,-/V+...4-^/rrt. 

66. Applicartions. 

Ex. 1. // = fl**8iiffl.r? • 

Here we take sin a.c as u and j-** ns r. 

Now r, — 3.r®, — .3 . 2.r, r3=.3 . 2, and ^4 tfre. are nil zero. 

Also hill ^a.r + ^^ , cU'. , 

Henc^ by Leibnitz's Theorem we have 

//,! - sin ^n.r f 4- M3,r2«"“’ sin (n.r 4* ^ 



. vrcrAW / ry ; differentia tion. 


r , Tf ) 

“ 2 ^ 

n (m - 1) (n - 2) „ ^ , « « . / w - 3 
4 - HI— j^y 3.2. Bill ( tf.l- + -~y 

The student will note that if one of the factoru he a power of .r 
it will be advisable to take that factor as r. « 


Ex. 2. Let y = x * . r®*; find y^. 

Here v = .r*, u =: 

BO that i’i = 4.r®, — 12.c^ r3=24af, r4=24, and etc. jj.ll vaniHli. 

Also . etc. 

whence 

1 /j ^ -f . 4.r* + 10 . . 12a;- + lOa-V®-* . 2 l.r + . 24 

= ae^ I a^x* + 20«*j^* + 120«‘“.r‘‘* H- 24ne.r + 3 20 [ . 


Ex. 3. DifTerentiaie n times the equation 

I 0 


s ?. = 

dr” 


•^//n+l + 


]/»; 


therefore by addition 

•'• V.+3 + C.*" + 1) + (n“ + 1 ) y . = 0. 




FiX. 4. Even when the general value of cannot be obtained W'o 
may Hometimo.s find its value for a;=0 as follows. 

Suppose y = [log (.c + a^) ft 

then //i=21og(x+ + + -sj - Oh ^ 

and (l+^.t;*)yi*=4y, 

^lence differentiating and dividing by 2y^, 

(l + a;2)y5+,ry,^2 


( 2 ). 



on 
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« tiinrH by Leibnitz’s Theoroni 
( 1 ! y-) ti„ I- 11 (n 1) 

or (1 r .1=) ?/„ . .J *- (2m + 1 ) 3-i/„+| + «2|/„ - 0. 

Putting' .r--0 \vo have 

* (!/hW»=-»-('/»)i. (S)* 

indicniin*^ by KuHix zero the value attnined upon the vanishing of .r. 

Now, when -0 we liavo from the value of y and equations (1) 
and (2) 

1'/),,=-^'. (;/i),.=0, (i/2)»=2. 

Hence equation (.‘1) t^dves 

(//a^o ” (//sh) ~ • ~ 0/2ft 4 1^0 ~ 

and -2-. 2, 

(i/J,- 4^22.2, 

(//8)u= 2. 

cte., 

(//,0o-( l)^->2.2M-’.0« (2A--2)- 

. 122^-1 {(fc-, 1)1)3. 

EXAMPLES. 

Ap])ly Leibnitz’s 1''lieorem to fiinl ^,4 in the following easoH : 

1. 2. //—rV'-®. 3. »,/ --.e‘-log.?’. 

4. y- .r^siii.e, ^5. = sin 6. ^ — ^ .• 

7. //_.rtan“*.r ^ 8. 

66. Nora ON Partial Fractions. 

Since a number of examples on successive differentiation and on 
integration depend on the ability of the student to put certain frac- 
tional forms into partial fractions, we give the methods to be pursued 
in a short note. 

Let' ■ > ' be the fraction which is to be resolved into its partial 
0 (.r) 

fractions. 



^^UCCEmVE DlEFEllEyriA TJOS. 




1. If f{x) be not already of lower degree than the denoiuinnlor, 
?ce can divide out until the numerator of the remaining fraction in of 
lower degree: e,g. 

t_ y' 1 , 

(.r-i)(:r-2)~ '^(:r-l)>-2)- 

Hence wo shall conBidcr only the case in which /(.r) is of lower 
degree than 0 (.r). 


2. If 0 (j:) contain a single factor (x-a), not repeated, wc pro- 
ceed thus: suppose 


0(.l)~(.C-rt)^W, 


and let 


f{4 

(j - a) ^ (,r) 


A being inde])endcnt of x. 


.r - tt ^ 0 (j*) ’ 




Hence 


/(•t) 

vKj-) 


A + (.r - «) 


Xi^ ) 

't' w ■ 


This ix au identity and therefore true for all \aliieK of the \unahle 
•r; put j'-a. Then, aiiice ^(.?) dueB'’not vanish when .r-a (for by 
hypothesis f (.r) 'does not contain j; - a ns a factor), wo have 


Hence the rule to lind A is, “Put x = a in every portion of the fi action 
except in the factor x -a itself.” 


Ex. (i) 
Ex. (ii) 


Ex. (hi) 


.r - f _ « -- c 1 h - c 1 
(x - a)(x - b) ^ a - b ' x- a ^ 'b- a ’ x - h ' 

x^'\-px + tj ^ a-- ^pu + q 1 
{x- a) (x -’b)(x- c) iT (a - 6) (a - c) j: - a 

b“+pb^q I c^+pc + q 1 

^ (6 - c) (& - n) j; - (c - a) (c - b) x - c ’ 

+ * 

(j:-1)(j-2)(j:- 8) 2(a:-l) *-2^2(j:-3) 


Ex. (iv) . — .... 

Here the numeratq^ not being of lower degree than the denominator^ 
we divide the numerator by the denominator. The result will then be 
A ji 

expressible in the form 1 + ^^^ + x^t* ^ ^ 

hdhre and are respectively^**-^- and ' 
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TJicn 


9. Suppose the factor (x - a) in the {fenoiiiinator to he re|>cateLl 
r times so that 

^(x)-(x-aY^(x). 

Tut x-a=y, ^ 

/(a;) ^ f(a+y) 

or cxparidiiiK each funftiUon by any means in asceiuliiit^ poweis of //, 
__ ^1 0 1 ■// + A^y^ . . . 

"p'*(^>o+Xy+^^2?+...r 

Divide out thus : — 

Uq mBiV + ... | Jq-{ A^y h ... CjI/ + -i . , 
etc., 

and let the division be continued until y*" is a factor of the reniainder. 
Let the remainder bo 7/**x (y)- 

• C’j • C.J 

~ {x-'af ' (x-a)’’-‘ ' 

. C'r-i . xCt-") 

.r - <1 rp (or) 

Ifenc«i the partial fractions corresponding to the factor {.v- ay arc 
determined by a long division sum. 


C C 

iienco the fraction = ' 


ir 


f « 


1*1 X. Take 


Tut 


(x-WCx + 1)' 

.r-l = y. 


Hence the fraction = . 


‘i + //\l + 2y+p- A > i’i' ^ 
’’ + 


jHIIjJC 

“St/ 


Therefore the fraction 


1 3 

+ ; 

1 


^ 4v*-* 8y " 8(2 + p") 
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4. If a factor, Huoh an .r'-i- ci.r+ 6. which \iA not resolvable into real 
linear factors occur in the denominator, the form of the corresponding 

partial fraction is . For instance, if the expression be 

the proper assumption for the form in partial fractions would bo 
B . I)x + E Kr + Cr /f.i+A' 

.r - a a; ~ 6 ^ (oc - 6)- ^ X“ + ^ [,aja » 

where A, B, and C can be found according to the preening methuds, 
and on reduction to a common denominator we can, by G(^uating co- 
efficients of like powers in the two numerators, find the remaining 
letters D, F, G, IT, K. Variations upon these ' methods will 
suggest themselves to the student. 


EXAMPLES. 


1. 

(liven 

//=r.sinA‘^, find »/;„ Ki- 

2. 

Given 

y .r win O’’, 


3. 

Given 

y = ^Hin A’, 

fiH<l .^3, //«• 

4. 

Given 

find //., and //„• 

5. 

If .y = 


prove ?/ 2 " 

• 6. 

Tf 

A sin w.r+ 

B coH »^.r, prove //j ~ 

7. 


asin log.c, 

provn J'“y 2 +.';'/i+^- 0 . 

8. 

If y= 


) , i)r.ivo 

' * 

9. 


.lU+V.? 


prove 


c^- 

i)y3+-»yi“«®;y=0- 

10. 

« 

Tf 


-u){x-h) , 

-c)(x-jy 

11. 

If 



12. 

If 

3r=^log 

.r, find y.*, y^., y„, y„ , j. 

13. 

If 

,v 

= cosli ( — log y ] 

\m ® ‘ J 


pr^ve (.<■“ - 1) y, V 

and - w-5y»=0. 



(J'l' 
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14. 

yiud if 


15. 

l'’iuil if 

1 

16. 

Kiiid //n if * 

.r- 

17. 

Pidve iliat if 



- -''ffi -’"V. 

anil il - .!•“) = (2// + 1 ) .(•y„ + , + (/'-- w'O y.. • 

I tuiicu kIjcw tliat 

A/, 


18. 


,,i.i 1 ' ' pr(»vc that 


(1+.I 

'^) - • I/Zh .1-1 '' ' '' 

19. 


S'!” ‘ 1 vpovo that 


1 

.V,, rM - ('2/? + l).>V/,*d -‘li 

and 


•/h 

20. 

If 

;^3=,siu /<./•-+- cos x.r, 



[1 +( - 1/ jnin 2aa’i i. 

21. 

If 

#/ =_ ('«■*■ — iinuv + n (a ~h 1 }\ . 

22. 

If 

.V cos B +// sin B-u, * 

and 


.V StH B" // VON B 

prove that 

t/«// (/'i.r dt\f/ 

flB^ d&i “ Tfi * 

is constant. 



23. Prove that 

iU (»\^\ ^ p ^ ^ 

vlicre* 

and §=?u;»* i->i(/i-l)(jf-2),i’*‘“3+... . 
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24. Prove 

«“ (^+t)]/ 

where P and Q have the eame values as in 23. 

26. Prove that ^ 

=c®* {/'sin (i>.r+w<^) + §cos (/u*-f 'y/<^)}/.r*“ + *, 

where 

/>=(ra7)» — n cos ^+n (w - 1) (r.r)" ‘®cos 2f^() — , 

(2— n(rj*)**'siii<^- w (/i- 1) (r.^)**“*siii 20+... , 

8x + 6*, and tan ^ = 6/a. 


26. 

Prove that 



rf* 

^ (.t7“ sin .r) = n 1 {P sin Q cos ,v\ 


where 



and 


e 

•27. 

Shew that 


~ 

/logA*\ 



\^J 



. (-1)««J Rw+w-I);, •-■-((m+r- 

’ (w-1) ! a?»*+**L ^ 



, [l. C. s., 1892.] 


S. D. C. 



CHAPTER VI. 

EXPANSIONS. 


67. 'I 'iiK stiuknit will liavo already met with several 
expansions of ^nvt^n explicit functions in ascending in- 
t(‘gral pow(‘rs of tin* independent variable ; for example, 
thrise tabulat('d on pages 10.. and 11, which occur in 
t»*diuary Algebra and Trigonometry. 

Tin; ])rincipal methods of development in commoji 
use may be briefly classified as follows: 

I. By pundy Algebraical or Trigonometrical 
])i*ocos.ses. ^ 

11. By Taylor’s or Madaurin’s Theorems. 

III. By the use of a differential equ.ation. 

IV. By Differentiation of a known scries, or a con- 
verse process. ^ 

These methods we proceed to explain and exemplify. 

9 

68. Method I. Algebraic and Trlgonometri* 

cal Methods. ' ' * 


Ex. 1. Find the first throe terms of the expansion of lop; sec x 
in asoending powers of x. 

By Trigonometiy 


Hen^ 


log sec X = - log cos x= - log (1 - «) , 




4! 61 


where 


<1 



p:xpANSToys. 


and expanding log (1 -r) by the logarithmic theorem wo obtain 


log sec .r = <: -H + -3' + • 


-P'’“ - 4.** 1 4. 1 p'’'* - i!:! 4- T 

1 r** *i» • 

^sUt 


.T- 0!' .r” 

'li ~‘24'''720' 

x‘^ 

'■ TT "48"'' 


hence log sec ^ + 1 *2 ^ 45 • 

Ex. 2. Expand cos® j; in powers of .r. 

Since 4 cos® a; = cos 3a: + 3 cos .r 

• +®t"lT + 4!" • +<"^>"(2n)"! +•••]’ 

wo obtain C06>.r = |(1 + 3) - (3^ + 3) + (34 + 3) - . 

BImiUrly {(S’ -3)^ -(8*- +48’- 9)^, - 


Ex. 3. Expand tan x in powers of x as far as the term involving a*®. 

.T® 

®~31 ■'Ti"" 


Since .tan.T= — n — 

31^41 

we may by actual division show that 


t »"*=^+3 + 15 '"'.+ 
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Kx. 4. Kxpand ^ {log (1 +«)}’ in powers of x. 

Since (1 + a:)i' == 

^ • 

we have, by expanding each side of this identity, 

Hl+ylog(l+®)+|l{log(l+*)}»+... 

Hence, equating coeffloients of 

lii -- l + 2o, 1*2 + 2. 3 + 3.1 - , 

2{l0g{l + a:)}s=2^ - -g, - jj- ®*-cto., 


a series which may be written in the form 

2 \ ^2 

) T ''2 + s) T." 1 + s) T' 


EXAMPLES. 

1, Prove 

... 

2. Prove 

tn 7 * 2 * 7.4 

oosh” . 1 ;=-' 1 + 2 j + n (371 - 2) ~ , 

3. Prove 

, siri.v X* 

log e-iso-- . 

4. Prove 

.V e-180-- 

5. Prove 

logXfCOtx:«= 

6. Prove 

, tan~‘.« a* , 13 . 261 . 

,r -= 3 + 90"^-5-.7.9«"^ 

7. Prove 



. .r® . 2,^’® .t^ or® afi ^ afi 

2'^3‘*’ 4 6 3 7'^8 


8. Expand log (l+'r’ef) as far as the term containing X!*. 





m 

9. Expand in powers of u\ 


(«) 

tan 

.q+px . 

/ \ • — t 

(«) 

(6) 

. ,3x—a^ 

te«-Y-al3- 

1 + 

*L 


69. Method II. Taylor’i and Maclaurin’s 
Theorem!. 

It hoH been discovered that the Binomial, Ex- 
ponential, and other well-known expansions are all 
particular cases of one general theorem, which has for 
its object the expansion of f{x -f h) in ascending integral 
positive powers of h, f(x) being a function of x of any 
form whatever. It is found that such an expansion is 
not always possible, but* the student is referred to a 
later chapter for a rigorous discussion of the limitations 
of the Theorem. 


70. Taylor^! Theorem. 

• The theorem referred is that nnde^' certain cir- 
cumstances 

+ h) + hf («;) + (X) + +. . . 

hn 

-h " 7 (t^’) +* . . to intluity, 

Ui ^ 

an expaushiii of f(x -I- h) in powoi’s of //. 

• This is known as Taylor’s Theorem. 

Assuming the possibility of expanding fix-^-lt) in 
a convergent series of positive integral powers of A, let 

• h? 

f (x -f A) = ^ „ -f AJi 4- -4.2 j -h An j -h (1 ), 

wlmre Au, -4,, .4.2, ... are finictions of x alpne which are 
to be determined. 
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dh d(w + h) dh J ^ ^ 

for X and h aro indopcndeni (|iiautitioft and therefoi'o 
X may be considcrcHl <^oiistaiit in diftbrentiating with 

regard t(» A, tso that = *• 

Similarly 

au.l 


so on. 


])iflerentiating (1) tbon with n»gar(l to //, we have 

/' {x + h) = +A) ^A, + AM + aJ!^^ + aJ^' + ...{2), 


■ ■ 

/"(^■ + /,) = 'iA^tl>== A, +AJ, +Aj^+...{:h, 

A, +A,h (-...(4), 

etc. = otc. , * 

Putting h = 0, wo liavc at once from (I ), (2), ete. 

A,=/{x), A,^f"{x), 

wheiv arc* the several difterential 
coefficients of /'(•'’') respect to x. Substituting 

these values in ( I ), ^ 

fix + h) =Ax') +hf\x) + (x) + (x) + 


Ex. 1. T4iit /(j-) = ./'*. 

Then = /'"(.r) — w {n - 1) otc., uiul 

f' {X h) = (x + h)\ 

Tliu^'ay1or*8 Tlieorcin gives the Binomial expansion 

« 
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Ex. 2. Let / (x) ^ sin x. 

Then /' (ar) = cos .r, /" (.r) = - sin x, j”' (x) = - cos .r, eti.*. , ami 
, / (x -f h) = sin (x + /i). 

Thus we obtain 

Bin (.r + fi) = amx + h cos x - ^ j sm ar - ^ j cos .r . 


EXAMPLES. 


Trovo the following results : 

/i^ P 

1. + 3 ! '*■"■*■* 

2. ttiii 

= tiiii ,v + 


xfi^ 


A-» 


+ ... , 


3. sin“i (.i;4-/<') 


• 1 . '* 

= 8111 ‘.r+ - + 




V l - (1 -y-;-2 2 ! ' ('I - 3 ! 


4. Kscc“^(a; + A} 


5 S'"*''"' 

-sec'-^.r^- — — - . - + ... . 

..-.vV -l 2! 


5. log sin (.r + // ; 


- - log sill cot x - 7/ cosec^ .<• + H- . . . . 

^ 2 3 siller 


71 . Stirling's or Maclaurin's .Theorem. 

If in Taylor’s expansion , , , 

/(a: + h) =f(x) + hf {x) + |-i/" <•') + g ./'" (■*') +• 
wc put 0 for X, and x for h, wo arrivo at the* result 
fix) =/(0) + xf (0) + (0) + J./'"' (()> +. . . 


... 

u !• 
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the meaning of /’ (O) being that f{x) is to be differ- 
entiated r times with respect to x, and then x is to be 
put zero in the result. 

This result is genemlly known as Maclaurin’s 
Theorem. Being a form of Taylor’s Theorem it is 
subject to simil^ limitations. 


Ex. 1. Expand sin x in powers of x. 


Here fi^) ssinar, 

F(x) =OOBX, 

f"(^)= “Bin.r, 

/'"(.C)= - COS/-, 

dsc, 

/«(x)=Bin 

•T * 

Thus sin = .c - . 

31 ol * 


Hence /(O) =0, 
/(O) = 1 , 
rw-o, 
r( 0 )= - 1 , 

Ssc, 

/H( 0 ) = sin^ 
•+. . 


( 


2. Expand log cos x in powers of jr. 
lli'ic / (.r) =logcos.r, • ^ 

F (.f) = - tan a:=: e, say, 
r(.r)^-sec’**.c= -(1 + /^), 

(.r) = - 2 tan x see- x = -2t (1 
f*> (ar) = - a (1 + 3t*) (1 + e^) =-2(1+ 4r-» + 

/«>(/•) = - 2 {St ul2t^) (1 H f-) - 2 («f + 20t® + 12(*), 

/<«*(/•) = - 2 (8 cor- + C 0 /<) (1 + f») = - 2 (8 + 68«2 + 120 /^ 

• • • 

etc. 


Whence 

/ (0) = logcoH 0 = logl=0, 
and f (0)=/«>(0)=/«>(0) = ... =0, 

also , r(0)= -1, /«(0)= -2, /^«>(0)= -IC, etc. 
H^oe 

A ..a J.4 ^ ‘ 

log COS .1- = t - ^ - 2 -J - 16 iji -« etc. 
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EXAMPLES. 

Apply Maclaiiriu’s Theorem to ]>rove 
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1 . 

2 . 

3. 

4. 

5. 

6 . 


)i2 /jJ ir^ <1 H 

log (1 +^-)=:r - J + I- +( - 1)» - ‘ -iH- . 

aJ Arfi ^ 

log(l+e*) = log 2 + ... . 

e“* co»/«= I +(».r+ 2j* •■jy -•*•"*+••• 


n! \ (fj 


, 72. Method III. By the formation of a Differ- 
ential Equation. First form *a differential equation 
as in Ex. 3, Art, 60, etc., and assume the series 

Uo + (liiC + +. . . 

for the expansu?n. 

Substitute the series for y in the differential e((ua- 
tion aqd equate coefficicmts of like powers of x in the 
resulting identity. We thus obtain sufficient ecjuations 
tb find all the coefficients except one or two of the first 
which may easily be obtained from the values of /(O), 
/'(O), etc. 

Ex. 1. To apply*tlus method to the expansion of (1 + .r)". 

Let J/ = (1 + jr)» = + a^x + + dyf® f- 

Then //i=n(l+3-)*‘“* or (?+3*)yi=:ny (2). 

But yi = + • (3).' 
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Therefore substituting from (1) and (3) in the differential equation (2) 
(1 + x){a^ f +...)=» (Aq + + •••)• 

Hence, comparing coefficients • 

2 «^ + = na^ , 

3^3 + 2tf 2 = , etc., 

and by putting a;=0 in equation (1), 


giving 


>vhence 


/ij=n, 

w - 1 n {n - 1) 

"s— 2|— • 

n-2 (?4 - 1) (» - 2) 




3! 


_7ii-r + l • (n 

«r- ^ 

(1 + j;)“= 1 + H.r + ” .r’-i 4 


etc., 

-rfl) 


tex. 2 . Let y =/<.r) ir (Min'"' j;)^ 

?/, = 2 sin"* .f . ~,-}r - , 

(l-;r2)y,3=4i/. 

Differentiating, and dividing by 2^^ , wo ini \ t' 

• (1 -•r=)?/3=^i^i -» 2 (1). 

Now, let y — </„ + a ,.f + ag-r- H \- 4 ‘ -h + . . . , 

therefore . . • 

• • • 

yi=«, + 2</..r4-...+Me„.r« * + (ii-i- 1) (m I 2) N- . . . , • 

and 


y.j=2a»+ .+w(/i - J-l)mi,,4.i.r»*-»+(K + 2)(n+l)fln-»-jr*''”^- ■••• 

Picking out the coefficient of in the equation (u?/acA may be done 
irfthou^actual mbstitation) we have 

«» (n 4- 2) (w + 1) - M (71 - 1) 


tliereforc 


(» + !){« + 2) 


. H 
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Now, <io=/W=^(8in’*0)», 

and if we consider sin”^ x to be the smallest imitive anyle wliuse 


sine is j*, 

sin-* 0^0. 

Hence 

rto=0. 

Again, 

a,=/'(0) = 2Bin-»0. 

V 1 ~ o 

and 

«,=4r(0)-4 (i!o+°)=^- 

Hence, from equation ( 2 ), r/g, , are cach = 03 

02 2 - 2 a 

and 

"^■"3.4‘''-''3.4”4! 

42 02 . pj 2 *-'. 4 -' 

«4-3 ^ r,7,i ^ r>! 

etc, = etc. ; 

therefore 

* • 

, 2x^ 2 ®^. 22.4'^.,,, 22.42.()'2^^ 

=2T+4i^^ + 6! + H! ■ ^ ' 

(sin“^ 


Adiflfereiit method uf proceeding is indicated in the 
following cxaiuplc : — * 

•Ex. 3. Let , 

.V^ X'^ 

y = sin {m siii'^ jc) = + UyX + 1(1 ^ ^ h 

Then i/i - cob (wi sin- ^ .r) , 

» 

whence (1 - .t-) (1 - y-). 

Differentiating again, and dividing by 2yi, we*have 

• {l-x^)y^-.Tyi + m^y=fi .. (2). 

Differentiating this n times by Leibnitz’s Theorem 

(1 - **) 2/ivm - (2»* + 1) 0 (»)• 

Now rto = (i/)a^o = si*' 8**''* 0) = 0, 

(assuming that sin*'* ss is the smallest positive angle whoso sine is x) 

^^1 = (//jix ‘-«= 

— ^2)x-»o — 

etc. 
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Hence, imtting xsO iu e<iuation (3), 

“u+»= -(»**-«’) «1.- 

Hence <14, u^, ag, eaoh=0, ^ 

and tf 3 = - (to* - 1*) = - TO (m* - 1*), 

rta= - (to* - 3*) tf3=TO (to* - 1*) (?»* - 3*), 

<iy =•-. (to* - 6 *) a^= - m (to* - 1 *) (to* - 3*) (wt* - 5*), 
etc. 

Whence 

. - • 1 X to(to*-1*) 5 . TO (to*- 1*) (to* -3*) , 

Bin (to Bin-i x) =mx , ' j;* + ' ' — x’ 

^ 31 51 

m (m» - 1*) (»«» - 8*) (m* - 6“) , 

7T 

The corrcBpondiug eeries for cos (to sin~^ x) is 

/ • 1 X 1 TO*X* (to* - 2*) . 

cos (to Bin-^ x) = 1 - . - - .r* 


41 

TO* (to* -2*) (TO* - 4*) , 

6! " 


If \vc write x=8in 0 these series become 
* sin mO = m sin 0 - ^ ^ sin* 

TOfTO*-l2)(TO*-3*) ... . 

- -♦ s-P ' sin" 0 - etc., 

f) ! 


<■ wi* • .. . TO'^(w*-2“) . 

cos we^— 1 - sin- 0 H ^ sm'*^ 

2 ! 4 ! 


?«* (TO* - 2-’) (?tt* - 4^ . , 

V — _p-_ ' sin(. 0 + etc. 


l^XAMPLES. 

1. Apply this inethml to find tho known expansions of 
log(l+.F;, win. I*, tan'i.v. 

^ ; 2. 1 f ;V = si 11 ■ ’ .»* = #/,| -f- i-r + -f -h . • . , 

l>rove V 1 ) ( 1 - . 1 -“) = ■av/i . 

(2) (/( + l)(/t4-2)<fHts = «“'<», 

1 .i'-';’ 1.3 
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3. If y— + + , 

prove (1) (l-i**)y»=a.;yi+ay 

(2) (« + 1) («+ 2) «„,s?= (»*+«»)«», 

(3) .»«•»-* = , a(«»+l)^^«*(«^*+2»). 

«.(a»+l){a*+3*) 

+ g-f .» +... , 

(4) Deduce from (3) by ex|)auding the left side by the 

Gxi)oneritial theorem and equating coefficients of «, rt**... the 

series for sin- ij?, (sin-^ .r)‘^, (sin-’r)'*. 

4 . Prove that 
(tan"i x'f 

5. Prove that 

W 2tlog(^+Vl+^r’*)?=2-3. 4 + 3 ^ 

• (t) l og(a?+\/ r +^ ) 


Vi'+A'i' 


3 ^3.6' ••• 


73. Method IV. DUTerenUatlon or integra- 
tion of a knov^ serlet. The method of treatment 
is best indicated by examples. 

Ex. 1. If we differentiate the Beries 


1 

Bin-^x=x+^ — + 


1.8 jr« 1.3.5a?7 
2.4 6 ■'■ 2 . 4. '6 7 


we obtain the binomial ezpaneion 


1 .1_,. 1..S.6 

7 ^-^ + 2®+2.4*^+2.4.6 


*•+. 


and it is clear that we must be able by a reverse procesa (integration) 
to infer ^e first aeries from the second. ^ 

* o 

Tha student unacquainted with integration may obtain the expan- 
sion of sin~> X from that of (1 > 3 :^ as follcFS : 
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Ijet 

sin'i X 

then differentiating 


1 

Vr-j-*' 

But 


Hence 


Also 

« «o 


= rt, + 2«yi: + 3a.*ra -f 4/I4.T® + . 

1 .1.3 n 


1.3 


(il* we take the smallest positive value of the inverse function). 

Hence substituting the values of these coefiicients 
1 .V* 1 . 3 


sin-^r.-. .r 


23 2.4 5 

• • 

K\. 2. Wo have proved in Ex. 2 Art. 72 that 

(sin->.r)* «•> 2».r. 2*.4« . 2*.4“.C* . 

•Vr -21-'- 4! + (i! -81 

H(*»\ce (lifYerentiating we arrive at a new series 

Hill er 2-’ , 23.4*- , 22.43.62 , 

-- — x + .t2 + - H + ... . 


Vi-x2 


31 


5k 


71 


If we put a;=Bin we may write this ns 

2$ . 22 . 23.42 . 22.42.02 . 

sin 2^ 31 ' 71# 


= l + g.«n’d + -^5Bin«9+~^flin««+.... 


EXAMPLES. 

1. Obtain in this mnniier tho expansion of 
log(l+.r), tan-*^, 

2r Vrovc 
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3 . Kx]»aii(i 


ii-'l — - 


siir' - , taii-i I tair , , 

1 Vl Vl +.»-'^ + Vl - 

in powcini of .r. 

4. PlDVO , 


A.i_Y 

\ain Bj 


22 2^.42 92 42 G2 

" 1 +3 ;-j +3 ,.-gSin40+ 

5. Provo tli.it. 

,.a Hill" I .r 

( 1 ) 


\f I ~ 

1 ! ■ '2\ 


1 “T ^ "r ■ , , T" ' “ ~ 


3 ! 


4. y -- 


+ . 




cos B 

1 ! “^ 2! ' 3! -' 

(l + l2 )(I+ 32)sin‘*(9 
■*■ '4! 


+ .. 


EXAMPLES. 


1. Prove 


2. ■prove 


1 2 

log ( 1 + tan .r ) = r - ~ .^2 -f - 573 + . . . . 


aEcosa;_i , . ‘!l 

e -!+•'+ 2 3 24 6 - 


3. Prove 


1 v) . 251 . 

log |- e2 *og (1 4-^)| - 24 8 2880 ^■■* ' 

4^ Prove 

, . /t . 9 \ *2^* . 2.^^ A** ^ ^ ^ 

l(%(l-;r+**)--ar+ -+y+-- — - -.. _ + 


7fl 


< 3 b 1 ^ 



80 


mFWERSfrWUL (?ALdV£ffS.' 


5, Provo co«h (a?co».i;=l 4“*^ - ^24^**'* 


sinh (iTcos^)— jr 


3 5 “ • 


A n 1 taiiT . 7 - 

6. Pr.«ro J..g -— 

7. Throve 


ro8“^ (tanli log .r) — - 2 |.r- ^ ^ - . . . j- . 

8. Prove 

tan-i A +-•!!-- 1 _ 'll + ^i_ •*-■ + . 

r 2 6 ^ 10 14^*'' 

9. Pi'ove log(3r + 4.r*-f v^l+9r^-f 24r*+16.r<*) 

( 1^3 1.3 I 

' ■ ^ V "2 3 f) ■"/ ' 


10. Pi*ovo that 


/ \ / 1 ‘j\* 1 r3 2 2 . 4 

(a) (1 -^)4 ^v- 


/IV A i. A V 2sin^^ 2 . 4 Bin® ^ 

(b) floottf=l- 3 -.3 3 ^ -..., 

,. ir . 1 /1\ 2 1 /iv 2.4 1 /IV 

W 4“’ '3(2) 3 5(2/ 3 .rr‘ 7 w ■ 

11. Prove that 
(r+Vl+j^)- 

+ ... } 

and deduce the expansions of 

log (.r-f \/l 4-.^), ^ {log Vr+JC*)}*, {log (.r + ^/l +a^)} 8 . 

12. If ^* 5 e®*cosfea?, 

in*ov© that j/2 - 2oyi +(a*+6*) y«sO, 

antklienoe that 

e®*co8^t^te=l4.ar^ — 57-^+ — ■'jr9+... . 
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SI 


13 Pio\o 

(«) sm {m tan“^ ^ ) ( i + ^ 

m (?/i — 1 ) ('7/fc - 2) , . m ini - 1 ) i wt - i) ^ ui I 

-wir- ^ ' ^*4• ^ , »* 


\ 

{h) cOb {i)l t 111”! # > (1 + t ^ 

m {i» 1 ) Hi — 2 KHi 5 ) 

^ “ 2 ’ ^ “ 41 ^ 


14. Deduce fioiii M v 0 
t ui"! log Vl + i- 



ri-( 

1 ] 1 D 

2 < ’^4; 

. / /II l\ > 

!■. + (l'-2+ +.,) 7 

16 

rio\e 



\^J 

cosh 0 
cos 6? 

, 1 4*1- • 

14^ ^1 


(h) 

siiih 0 
lOS 0 




1- 

= ^,Hin 



16 1*1 o\c • 

tin ! M / t iu~‘ « 4* A '>m sill sin 


where i— coi^ 


4- , sin 

o 


(/ bin 6)^ 


sill \3 f-otc , 


17.* Deduce horn h\ Ih 

* y1 * • * ^ 

ir j, wi ^ 1 US* 6 . , < >s ^ - 

/ — (9-4 coh^siii ^4- sill 26? f sm i^4 , 

^ ji 9 

l>v l»uttirij — f _ cot 6? 

(b) — ^— sin ^4-0 ^in 2^+^ hill 2^4-^ ^111 4^4 i 

2^2 M 4 

bj putting /j — - \/l 4- ^ 

y / \ - **!“ ^ j. ^ sin^tf 1 sin J sm 40 

• 2 cos 0 2 ( os* 0 i M»s ^ \ n 0 

hy putting • 

B. D. c. 
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18. Show that 
^ ^ 2! 


•''! + l“.3*(p,+^3^)’-j+l^. 3»..V ■!;; + •.• . 

n\ t. 

^ ^ sin 2d 

+ ’^ 3 =“ (r.+ i) Tr^+ • 3 * ••’*(;.+ r. + i) 


siud 

TT 


1 . i \ siiV* e 
‘ 6 ! 

4-... . 


19. Pi*ovc 


=§ 3 ~ I 2 + 1 0'^S)} V+ { 1+5 (^+i 

+K ^'^5 + 8 )}' 7 ' 


20. Provo 
(«) 




V 2 r 


, 1 1 . 3 ,1 . 3 . 5 .'f’ . 

'^'*■3. 4‘‘’^5.4'* 2!'^ 7.4' 3“l'^' '’ 

... (ver8“i .r)-* 1 1.2 1.2.3.?/* 

w 2 -•’'+3 2-^ 3.5- y+ 3.5.7 !:+•••• 

21, Provo that 

22. I’rovo that ^ 

(«) f(inx) 

/(.tO+(m- 1 ) x-/'(.i-)+(»* - ly |^/"av+(«‘- 

<‘> /(if.) 

■/<*)- n-. / w + ( 1 1 ? s'l /”« - (if), n/- w+ - . 

(C) /W=^XO)+<(^-)-‘J*;/"(-»-)*-^.r(a^)-etc. 
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74. Orders of Smallness. 

If we conceive any magnitude A dividend into 
any large number of ecjiial payts, say a billion (10^"*), 

then each part is extremely small, and for all 

j)ractical purposes negligible, in comparison with A, 
If this part be again subdivided into a billion eijual 


, each of these last is extremely small 

A • 

We thus obtain 


each 


^arts, each = 

in comparison •with — and so on 

AAA 

a series of magnitudes, A, 

of which is excessively small in comparison with th(; 
one which precedes it, but very large compared with 
the ofto which follows it. This furnishes us with what 
we may designate a satle of smatlnesi. 

76. More generally, if we agree to consider any 
given fraction f as being sinall in comparison with 
unity, then fA will be small in comparison with A^ 
and we may tA'm the expressions fA, f^A, f^A, ..., 
Bmall quantities of the first, second, third, etc., or^rs ; 
and the numerical quantities ...» may be called 
srt^ill fractions of the first, second, third, e1:c., orders. 

• 6—2 
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Thus, supposing A to be any given hnitc magni- 
tude, any given fraction of A is at our choice to 
(l()signate a small quantity I 5 f the first order in com- 
parison with A. When this is chosen, any quantity 
which has to this small quantity of the first order a 
ratio which is a •small fraction of the fii*st order, is itself 
a small <pianLity of the s(‘Cond ordei’. SiniilaWy, any 
quantity whose ratio to a small (|uantity of the second 
order is a small fraction of the* first order is a small 
(juantity of the third order, and so on. So that generally, 
if a small (quantity be such that its ralio lo a small 
(juantity of the onh'r be a small fraction of the 7*^ 
order, it is its(*lf termed a small quantity of the (79+7)*'^ 
order. 


76. Infinitesimals. 

If these small quantities Aj\ Af\Af'\ be all 
ejuantitios whose limits are zero, then supposing f viade 
smaller than any assignable (juantity by sufticiently 
increasing its denominator, these small quantities of the 
first, S(»cond, third, c*te., ord(*rs are termed infinitesimal^ 
of the first j second, third, etd., orders, . 

From th(' natui’e of an infinitesimal it is clear that, 
if any etjuation contain finite iiuantities and infinitesimals, 
the infinites'inials may be rejected. 


77. Pnor. ^ In any eijnation between infinitesimals 
ofdifierent orders, none but those of the lowest order need 
be retained, « 1 ' 


Suppose, for instance the e(piation to be 

A 1 + /?! + (^1 + 1^2 + + .^^3 + . . . = ( i ), 

each letter denoting an infinitesimal of the order in- 
dicated by the suffix. 


^’’hen, dividing by -d,, 

^ +'-4' + i + 3 + j + + • • • = 

J.T.1 
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li C J) E 

tho limiting ratios -/ and / arc iiniu*, while 

•^1 1 -^*1 

F. ... . 

aro ir»finit.esimals of tho first ordtT, ’ is an infinilesimal 

1 

of tho sooond order, and so on. Hoikm', by Ai t. 7t), 
equation (ii) may be rejilacod by * 


and therefore equation (i) by 

BiA- = d, 

which pi‘ov(‘s the statement. 


78. Prop. In any equation connectiny infinitemnals 
we may substitute for anyone of the quantities involved 
any other which differs from it by a quantity of hiyher 
order. 

For if Ai + H- -f- . . . = 0 

be the equation, and if A^ = +/,, * 

fj denoting an infinitesimal/jf higher older than we 
have F^-\~ Bi + + f^ “h If + . . . =0, 

i.e. by the last proposition wo may write 
+ + = 

wliieh may thendbre, if desirable, replace the ccpiation 

^ A 1 + /?, + = 0. 


79. IlluBtrations. 

S' ^ 

(1) Since Bin 6 = 9- - + . 

' ' J! o! 

and cos#=:l- jj-j+jj - 

Bin/^, 1 - cos B, d- sin 0 are respectively of the first, second, an(y;bird 
orders of small quantities, when 9 is of the first order ; also, i may 
be erritten instead of cos 9 if second order quantities are to bo re- 
jected, and 9 for sin 9 wlien cubes and hig||er powers are rejected. 
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r 

(2) Aguin, suppose AP the arc of a circle of centre O and radius 
a. Huppose the angle AGP { = 6) to be a small quantity of the first 
order. Let PN be the ])crpcndicular from P upon H)A and AQ Jhe 
tangent at meeting OP i)roduced Join Py A. 

Then arc AP - ad and is of the first order, 


XP — n sin ti 

do. 

do., 

AQ = aian0 

do. 

do., 

chord A P=2a sin ^ 

do. 

do., 


e AM (1 - COB 0) and is of the second order. 
So that OP - 0\ is a small quantity of the second order. 



and is of the third older. 

P(f-NA=NA(sec0-l) 

2Bin3| 

== (second order) (second order) 

- fouiiih order of small quantities, 
and similarly for others. 

80. The base angles of a tnangle being given to he 
small quantities of the first ordevy to find the order of the 
diff^ence between the base and the sum of the sides!^ 

By what has gone before, (Art. 79 (2)), if A PH be the 
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tl’iaiigle aiidiW the perpendicular on AB, AP ^ AM 



A M li 


and BP — BM are both small quantities of the second 
order as coinpai’ed with AB, 

Hence AP + PB — AB is of the si‘com( 1 order com- 
pared with AB. 

If AB itself be of the first order of small quantities, 
then AP + PB — AB is of the tim'd order. 

81. Degree of appromimation in taking a small 
chord for a small arc in any curve. 

Let AB ho an arc of a curve supposed continuous 
between A and B, and so small ivs to be concavi' at each 


P 



A XI 


point throughout its length to the foot of the perpen- 
dicular from that point upon the chord. Jjet AP, BP 
be the tangents at A and B. Then, when A and B are 
taken sufficiently near together, the chord A B and the 
angled at A and B may each be eonsjdered small quan- 
tities of at leiist the first order, and therefore, by what 
has gone before, AP + PB — AB will be at least of the 
third order. Now we may take as an aadom^ that the 
length of the arc AB is intermediate between the length 
of the chord AB and the svm of th4 tangents AP, BP. 
Hence the difference of the arc AB and the chord AB, 
which is less than that between AP + PB and the rtiord 
AB, must be at least of the third order, • 
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EXAMPLES. 

1. In tlio ligurc on |).'igo HfJ hupposc PM dr.iwii at right 

angles to and pn»vc e, 

(a) Segniont riit ofK l>y AP is of the thinl order of small 
quantities, 

(b) Triangle /*XA js of the thi I'd order, 

(e) Triangle 7V^J/is of the fifth order. 

2. OA,P is a triangle light-angled at yl^ anil of whieh the 
angle at 0 is small and of the first order. A ^/Jj is drawn per- 
pendioiilar t(W>y?, J^iA., to dj/^ A^Po to (>Z?, and so on 

ProM' 

(//) A^/Jn is a small quantity of the {2/t - 1 ordor, 

(/>) 1 oi*der, 

(r) B,Ji is of the order, 

{th triangle HAt,Jj,^ is of the 1;”' order. 

3. A straight line of constant length slides hotweon two 
sti’aight lines at right angles, viz. CAa, Chll\ AB^ ah are two 
positions of the line, and J* their point of intersection. Show 
that, in the limit, when the two positions coincide, we have 

Aa on 1^ _ C/f 
Bb " C\i 

♦ f 

4. h'roin a point T in a radiufj of a circle, produced, a tangent 
TP is drawn to the circle touching it in P, 7* is drawn per- 
pendicular to the radius OA. Show that, in the limit when P 
moves up to A , 

XA~~-AT. 

5. '^J'angents arc drawn to a circular arc at its middle point 
tmd at its extremities ; show that the area of the triangle formed 
hy the choni of the arc and the two tangents at the extremities 
is ultimately four times that of the triangle formed by the three 
tangeiiti?. 

6. A regular }»olygou of n sides is inscriliod in a circle. Show 
that when jii is very great the ratio of the difference of the 
circumferences to the circuinfereiico of the circle is approximately 

7r26/?2 

7. ^ Show tliat tlie difference lietwecii the perimeters of the 
oartli and that of an inscrilied regular polygon often thousand 
sides is less thafi a yard (rad. of Earth — 4000 miles\ 



EXAMPLES. 


89 


8. wi*Jo.s of a triangle are T) and (! lV‘ot ami tlio im ludiMl 
angle exceeds (M)’ l)y 10". I’aleulating the third side fi>r an 
angle of 60", find the corroetiqi.^ to lie applied for the extra 10". 

9. A i)ei*son at a distaiux) q from a tower of height jt> oUserves 
that a flag-pole upon the top of it subtends an angle 6 at his eye. 
Neglecting his height, show that if the observ^*d angle be subject 
to a small error a, tlie corresponding error in the length of the 
jHjle has to tlie calculated len^h the ratio 

qa coscc S ‘{q cos 6— ‘p sin B). 

10 . If ill the e(|uation sin sin o) eos ^ be small, 

.show that its approsiiiiato value is 

2 tan <o sin- ^ (l — tan- a> siii'^ ” 

[1.C..S.] 


11. A small error ,e is imxde in measuring the si»le a of a 
triangle, a small eiror j/ in mea.suriiy^ />, and a small error //" 
in measuring C. Prove that tTie consequent errors in A and IJ 
arc each ia", provided the relation 


2 


Lr — at/ 


sin f 


/i .sin 1" 


be satisfied, [i. i\ s., 1892.] 
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TANGENTS AND NORMALS. 


82. Equation of TANGENT. 

It was shown in Art. 18 that the cqnivtion of the 
tangent, at the point (.#, y) on the curve y =,/’(•'-') is 

(.), 

and I*' being the current co-ordinates of any point on 
the tangent. ^ 

Suppose the (*quation tff the curve tp be given in thV 
form 2 /) = 0. 

It is slioAvn in Art. 58 that 


dy _ 3 ^ 

div ^ ’ 


Substitutimr this expressitm for 


in (1) wc obtain 


y-y = -^(X-a-\ 

hf 


< 


c 
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for the equation of tin' tangent. 

If the pai-tial differential coefficiently , etc. b(‘ 

denoted by etc, e(|uation (2) may thou b(^ written 
(A' - .r)/^ + ( I" y = 0. 

83. Simplification for Algebraic CuiVea. 

y) algebraic function of .r and y of 

degree //, suppose it made homogeneous in x, y, and z by 
the introdnetion of a proper power of the linear unit z 
wherever necessary. Call the function tlius altered 
f({L\y,z\ Then /’(a, ?/, ^)* is a homogeneous algebraic 
function of the degree; hence we have by Eulers 
Theorem (Art. 59) 

+ yfy + ^fz = 

by virtue of the equation to the curve. 

* ’Adding this to equation (2), the equation of tlu^ 
tangent takes tile form 

\fx + l./j/ + zfz = 0 (3), 

where the z is to be put = 1 after the differentiations 
have been performed. • 

We often for the sake of symmetry write Z instead 
of z in»this ecjuation and write thq tangqnt in the form 
A%+l%+Z/,= 0.' 

Ex. f (j, y) E + a®.ry + Zr*y + = 0. 

The equation, when made homogeneous in j*, y, z hy the uitroduction 
of a proper power of Zt is 

f (.r » y , 2 ) Ef + a^xyz‘ + 6*y r’ + c*z* - 0, 
and /*=4j:® + a*yc*, 

^ fyZ=:a‘<rz^ + !j^z^, 

Jg = 2a^xyz + 3/r'yr- 
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SubHUtutint< tliCKC in Equation 3, and putting ^ = £ = 1, we have for 
the equation of the tangent to the cuitc at the point (.r, //) 

-Y (l.r'* + a-y) -f K (a\v + 1i^)^\^a‘.vy -f 3//'^ + 4c* ;= 0. 

With very littlo ))rar*tir(‘ the introduction of the z 
can be p(‘rforn^‘d inentalljj. It is generally mm'e ad- 
vantitfjeons to use e([uation than equation (2), be- 
cause (8) gives the result iti its simplest form, whereas 
if (2) be used it is often lu'cessiiiy to jeducc by substitu- 
tions fron^ the equation of the curve. 

84. NORMAL. 

Def. The normal at any point of a curve is a straicfht 
line through that point and perpendicular to the tangent 

to the curve at that j)oint. 

% » 

L(‘t tilt*- axtis be assumed rectangular. The equation 
of the normal may then be at once written down. For 
if the (‘(Illation of the curve be 

y =/(«). 

tile tangtuit at (,r, y) is 

Y-yj£(X-.). 

and the normal is therefore 

If th(^ etjiRxtion of the curve be given in th# form 

fi^y y) = 0 , 

tile (Mjuation of the tangent is 

{X - 3.-)/*+(^-y)/»r®’ 

and tJierefore that of t he normal is 
X-x Y-y 
• /•* fy 
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Ex. 1. Consider the ellipse ^. + 

This requires in the last fefm to make a hoinof::encoiis otiuaiioii 
in X, y, and 2 . We have then 

.i*-* 

H f., -2-‘=0. 

Hence the equation of the taiif^ent is 

2.r 2?/ 

A . 1 • 7^ ~ <2^ • ^2^ — 0» 

b- 

where z is to he put =1. . Hence we 

*^ 2 + y^= 1 for the tan^^nt, 


and therefore 


h- 

X - :c _ y-ij 
X y ^ 

(r b- 


for the normal. 


Ex. 2. Take the general equation of a conic 

ax^ + 2hxy + bi/^ -f 2f/x -I- *2/// -i- c - 0. 

When made homogeneous this becomes 
• rt.c* + 2//.ry -f l-2v.rr 1 2///C rc*-“ = 0. 

The equation of th^ tangent is therefore 

X (ax + by + y) 1 Y (bx + by -t-/) !- yx -i-Jy + c - 0, 
and that of the normal is 

X-^[ ^ ^-2/ 

ax + by-k^y bx^-by+f' • 

^ // 2 * # 

Ex. :h Consiiler the curve •J_=logHeC ;. • 


Then 


(Iq . X 
/^z=tari- , 
dx a 


and the equation ofUie tangent is 

V-y = tan - (A - j:), 

and of the normal 

^ (r-?/)tan^-t (A-ar) = 0. 
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85 . If /(,#•, iD = 0 and F {x, y) = 0 b(^ two curvea 
iiitcrHCctiiig at the point a?, y, their respective tangents 
at that point are 

and YF^^ZF,^^. 


The angle at which these lines cut is 

m^fyiV 

lienee if the curves touch 


fxj^x —Jyl^y * 

and if they cut orthogonally, 

].jX. Find tlic angle of intersection of the curves 
^xhj -iF=h. 

Calling the left-hand members / and F respectively, we have 
/. = 3(u;;;-y=) = F„ 

/y= - i\xif=-^F^. 

Hence clearly /^.Fjp -f/^Fy = 

and tliG curves cut orthogonally. 


86 . If the form of a curve be given by the equations 

X=<f){t), y = -t^(t) , 

the tangent at the point determined by the third variable 
t is by equation 1, Art. 82, 

or A>' (0 - !>' (0 = <f> (i) it) - ^p- (t) <t>' (t). 
Srinilarly by Art. 84 the con-espondiag normal is 
X<p'{t) + Yyji'it) = + f{t) • 
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EXAMPLES. 

1 . Find the equations o^iho tangents and normals at the 
lH)int (.r, on each of the following curves: — 

(1) = (5) = 

(2) ^'^ = 4aji\ (6) “» = sill 

(3) x}/=1cK (7) 0. 

(4) y^c cosh . (8) {J^ ~ If-)- 

2. Write down the equations of the tangents am’) noriiials to 
the curve y (u;-^ -f a-*) = «^ at the i>oints where ■ 

.i’ y - ^ 

3. Trove that — 1 touches the curve y---hc ® at the 

[)oiut where the curve crosses the axis of //. 

• 

A Find where the tangent is parallel to the axis of .c ami 
where it is periiendicular to that axis for the following curves : — 

(a) ~ 1. 

• (y j y"^ =r .i,'2 (2a -J .r), ' 

5. F’iiid the tangent and iioriual at tlie point determined 
hy B on 

(a) The clliiwo ,r -= a cos B 1 

y=/^sin B)' ' 

(p) The cycloid (^+sin tf)i 

3 y— (1 -cos^)J 

* I \ 

(y) The epicycloid r^A ws B- B cos ^1 

y ” A sill B—B sin » 

6. If 2 ^ = cos r Hiu a touch the curve 

a"*'*' 6"* ’ ^ 


prove that 


ptn - 1 = (rt COS a /"i ’ + \^b sin a'y^ * K 
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Hciicc write down the polar equation of the loeiw of the foot 
of tlio porpeiidiciilar from the origin on the tangent to this 
curve. 

Kxaiiiiiio the cases of an ellipse and of a rectangular hyper- 
bola. 

7. Find the condition that the conics 

a.c^ + hij^ — 1 , q- h'ip — I 

shall cut orthogonally. 

f 

8. J’rovc that, if the axes he «>hlique and inclined at an 
angle o), the equation of the normal to y~f{>v) at (.r, y) is 

(r-y)(co.s. + 2) + (A'-.,-)(l+c-os.^^) = 0. 

9. Show that the im.raboh»s x^ — ay and y-~=2o.r intcjrsect 

ui^ou the Folium of Descartes and find the angles 

between each pair at the points of intersection. 


, 87. Tang;ents at the Origin. 

It will be shown in a subsecjuciit artiede (124) tl^at 
in the case in which a curve, whose ^*qiiati{)ii is given 
in the rational algebraic form, passes through the origin, 
tlie equation of the tangent or tangents at that point 
can be at once written down by inspection ; the rule 
being to equate to zero the terms of lowest degree in the’ 
ecpiation of tho curve. 

Ex. 1. In the eprve <r- + + ax + hy = 0, ax + hy = 0 ia tllb equation 

of tho tangent at the origin; and in the curve (.r‘- + i/-)® = a‘^ 
j;-- 2/-‘=0 is tho equation of a pair of tangents at the origin. 

Ex. 2, Write down the equations of the tangents at the origin 
in the following curves; - 

(a) (.r2 + //=)2=a8c=-//-y. 

(^) -H y® = Hax^y*. 

(7) 

9 9 
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Geometrical Results. 


88. CartesianB. Intercepts. 

From the equation Y — ?/ = (X — w) 

it is eloar that tl\e intercepts which the tanj^fent on I s off' 
from the axes of x and y arc respectively 


X — and 
ay 

dx 


y- 



for those are respectively the values of X when F = 0 
and of 1” when = 0. 



Let PNj PT, PG be the ordinate, tangent, and 
normal to the curve, and let PT make an angle with 


the axis of x ; then tan yjr = 


Let the tangent cut 


the axis'tilf y in and let OF, OFi be perpendiculars 
from 0, the origin, on the tangent and normal. Then 
the above values of the intercepts arc also obvious from 
the fi^ire. 

£ D.c. 


7 
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9cS 

89. Subtangent, etc. 

])JOF. The line TN is oajled the sithtanr/eut aud the 
line NG is called the fiuhnonnaL 

From the figure 

V 

l^nhitmgent = TN = y cot • 

dx 

^ dy 

Suhnoiinal = NG = y tan y • 

Normal = l^G = y see = y \/l + tan" ^ 




Tangent = 2'P = y eosec 


y I 4“ tan- '>ir 


tan ^ 


1 + 


m 


= ?/' 


OY =0t ebs yjr = 


y-x 


dy 

dx 


Jl + tan® ^Ir 


dx 

dy 

^ dx 

v^r 

dy 

oK.ooc»t=TS:^? - . 

71^ tan- 1 

These aial other I’esults may of coui>ie also be 
obtained analytically^ from the eijuation of the tanj^ent. 
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Thus if tho equation of the curve ho given in the 
form /(./•, ip = 0, 

iho taTigoui Xfj, ■¥Yfy + Zf;,=^0 

makes intercepts —fzjfx ~~fz!fy the co-ordinate 
axes, and the pc^rpendicnlar from the 1>rigih upon thii 
tangent is 

fz!^f c“ ^ 

and indeed, any lengths or angles desired mayjbe writt<'n 
down by the ordinary methods and formulae of analytical 
geometry. 

Ex. 1. For the “chainette” 

+# ') 

WO liiu o y/i = 2 ~ ^ 


I Fence 


Subtangent-"^^ —c 

e^-€ ^ 

SjT Sx 
C • - 

Subnomwil- 1/1/^“^ (c® -c ®b 


Normal = y ^ j*® = 


Ex. 2. Find that curve of the class y — whose subnormal is 
constant. 

Here 

^8n— I 

and subnormal = yy^ = n • 

Thus if 271=1 the x disappears and leaves 

9 a 

subnormals 2 , 

and the curve is the ordinary parabola 

y^-aa 
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90. Values of ^ ^ , etc. 

Lot P, Q be contiguous' points on a curve. Let 
the co-ordinatos of P be y) and of Q(oo -{■ isc, y iy). 



Then the perpendicular PR — Bw, and RQ — By. Let 
the arc AP in(\‘isurcd 1‘roni sonic fixed point A on the 
curve be called s and the arc -^lQ=s+&v. Then arc 
PQ -= Bs. When Q travels along the curve so as to 
come indefinitely near to P, the arc PQ and the chord 
PQ differ ultimately by a quantity of higher order of 
smalln^s than the arc PQ itself. (Art. 81.) 

Hence, rejecting infinitesimals of order higher than 
the second, we have 


Bs^ = (chord PQy = (Baf^ + By^), 



and in the same manner 

4 
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If be the angle which the tangent inakoH with 
the axis of x wc have as in Art. 18, 

and also • 

^ chord PQ ^ arc 1*Q Ss ds ’ 

and 

sin ^ pr) ~ ” ;/o ' 


' chord PQ arcPQ 


EXAMPLES. 


8.9 f/.*? 


1. Find the length of tlie perpend iciihir from the origin 
on the tangent atjbho point x\ ^ of thew curve 

X 

2. Show that in the curve y=h&'’ the suhtangont iw of con- 
stant length. 

3. Show that in the ciu-vo ft//- ~ the nipiarc of the 

q^ibtangent varies as the subnormal. 

4. For the pafabola y^—Aa.v^ prove 
dA la-^-x 

V 


dx 


5. Prove that for the ellipse +’^2 “ </j 


?/•* 


d% 


6. For the cycloid 4;= averse 

+si 
/2a 


A 

I 

Is j^iX 
^.v ^ \ X 


’ I 

y = a (^-fsin 6) ) ’ 


ds 

dx 


prove 

7. Tn the curve 

^ ds X (IS a; . . 

profe 'y- = sec - , ,- = cosec - , and x^ayfr. 

CtX (JL (J/lt 


^ = al«gaec^, 
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8. Show that the iKirtioii of the taiigoiit to the curve 

which irt intercepted between thc'^axes, is of constant length. 

Find the area of the portion included between the axes and 
the tangent. 

f 

9. Find for what value of n the length of the subnormal 

of the curve + i is constant. Also for what value of /a 

the area of the triangle included between the axes and any tan- 
gent is constant. 

10. Prd VO that for tlie catenary y-c cosh’-, the length of 

the perpendicular from the foot of the ordinate on the tiuigent 
is of constant length: 


11, In the tractorv 




-s/c 


•r 
f ’ 


c+ y 


prove tliat the ])ortion of the tangent intercepted between the 
[»oint of contact and the axis of.v is of constant length. 


^91. Polar Co-ordinates. 

If the C(|n{itioii of the cum* be referred to polar cp- 
ordinates, su})po.so 0 to be the ])olc awl P, Q two con- 
tiguous points on the curve. Let the co-ordinates of P 
and y b(* (r, ff) and (r 4- S?\ 6 4- hO) rcsjiectively. Let 
PN be tile iierpciidicular on OQ, then NQ differs from 



T. 
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hr and NP Ironi rhO hy a quantity of hiyher order of 
smallness than 80, (Art. 79.) 

Let the arc measured from some fixed point It) 
be called s and from A to Q, s 8s. Then arc PQ = 8s. 
Hence, rejecting infinitesimals of onler higher than thi* 
second, we have • 

Ss“ = (chord PQf — {NQ- + PN'^^) = (S/*- + r-SO"^), 
and therefore 



according as we divide by Sr-,jjr before prot;eeding 
to the limit. 


92. Inclination of the Radius Vector to the 
Tangent. 

Next, let </) be the angle which the langtint at any 
point P make.s with the rac^ns vector, then 

, dO , dr . . rdd 


For, with the figure of the preceding article, since, when 
Q has moved along the curve so near to P that Q and 
P may be considered as ultimately ccfincidcnt, QP be- 
comcs*tho tangent at P and the ajigles OQT and OPT 
arc each of them ultimately ecjual to and 


tan <f> = Lt tan NQl* = Lt 


cos <f} Lt cos jV QP — Lt 


NP_ jvhe 

QN^^^ hr 

N Q 

chord QP 
NQ 


r 


dd 

dri 


hr dr 
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siu <f> — Lt sill NQP — Lt 


' chord QP 
NP _j,rh0 

arc QP~^"* Bs 


rd0 

(Is 


Ex. Find the angle 0 in the case of the curve 
sec (n^ + a), 

and prove that this curve is intersected by the curve 
r*‘=6*‘aec(n^ 4-j8) 

at an angle wjjich is independent of a and 6. [1. C. 3., 1886.] 

Taking the logarithmic differential, 

1 dr ^ ^ . 

" r 50"*““^“®'''“^’ 

whence ~ -4>=n6+a. 

In a Himilar mariner for the secoi^d curve 

0' being tlie angle which the radius vector makes with the tangent to 
the second curve. Hence the angle between the tangents at the point 
of intersection is 

f 

93. Polar SubtangenV^ Subnomuxl. 

Let OF be the perpendicular from the origin on the 
tangent at P. 

Let TOi bo drawn through 0 perpendicular to OP 


P 



and cutting the tangent in T and the normal in L Then 



\ 
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OT is called th(3 ** Polar Subtangent** and Ot is calkd tlie 
** Polar Subnormal” 

It is clear that 

OTr. OP tan <f, = (1), 

and that Ot = OP cot — (2)- 


94. It -is often found convenient when 


using polar 

co-ordinates to write — for r. and thoreforo for 

u ad 

dr 

. With this notation, 

Polar Subtangent = r" — -j- . 

^ dr dn 


Ex. In the conic 
wo have 


fn — l + e cos $ 

.do 


l-= ‘ e sin ( 


dn ' 


Thus tlie length %f tho polar Rubt*hngcnt is Ijn sin 0. 

Also, from the figure, the angular co-ordinate of its cxlrnnity U 


Hence the co-ordinates of T (/ j , (?,) satisfy the equation 

r, IJe sin + 0^ . 

The locus of the extremity is therefore 
hi=e cos 0) 

that is, the directrix corresponding to that focus which im taken as 
origin. 


95. Perpendicular flrom Pole onJTangent. 

Lot oy=p. 

'rhefi jP = ?• siu 
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and thonddro 


</> = ;i. ( I + ^ I 


^ r* U(?, 


therefore « 



(0 



.(2). 

c 

Kx. In the spiral 

•H 

11 


we have • 

rta=l - 


whence 




and therefore, squaring and adding, 
ir 

Thus, corresponding to <?-= J-1, we have 

• t 1 1 

= 4 and p - i . , 

^ *2 

96. The Pedal Equation. 

The relation between j) and r often forms a very 
convenient donation to the curve. It is called the 
P(jdal cqiiajyion. 

(1) If the cui ve be given in C artesians, 

^i)SiyF{a;,y) = Q ,..( 1 ), 

the tangent is 

XF^+ \F\ + ZF,^() 

i7 


and 


p- = 


FZ + F,- 


.(2). 


If ./•, // be eliminated between c‘qnations (I ), (2) and 


+ .... 

the reiiuired equation will result. 
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Ex. If X- + y- = 2ax^ 

-.Y(j; -rt)+ Y\j=.ax 
is the equation of the tangent, aiRl 

2 _ 1 

** “(ai-a)*+»/“4 a>’ 

or r^=2ap. 

This result also be evident geometrically. 

(2) If the curve be given in Polars we may first 
obtain p in terms of r and 0 by Art. 95^ and tht‘n 
eliminate 0 between this result and the equation to the 
curve. 

Ex. Bequired the pedal equation of sin mO. 

By logarithmic differentiation, 

m dr • ^ 

- cot mOy 

r dd 

cot0 = cotfM^ or tf>^m0y 


whence 


p = r Bm0=:rBin?if6? = r , 


EXAMPLES. 

1, In the equiunguliir spinil prove 

dr , 

= cos a ana jt; — r sin a. 


2. For the involute of a circle, viz., 




-cos ^ - , 
r ‘ 


3. la the iKWftbola .= l-t«>s^, prove the followiiij; re- 


(..) 0-rr-.;. 
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03 ) ■ 


e' 


(v) r^^ar. 

% (fi) Polar siil)tangeiit = 2fi coscc 6. 
4. For the cai-dioido r=rt (1 - cos 6\ prove 

(«) ^=|. 

09 ) p=2aBm^^. 


(S) Polar subtangon i ~ 2a - 


97. Mazimuin number of tangents from a 
point to a curve of the degree. 

Let the cqiuxtion of th <3 curve be y) = 0 . The 
equation of the tangent at the point {Xy y) is 

where z is to be put equal to unity after the differen- 
tiation is performed. If this pass through the point 
h, k we have 

» . +y. =0. 

This is an equation of the (a — 1)“" degree in x and 
y and represents a curve of the (/i — 1 degree passing 
through l^ie points of contact of the tangents drawn from 
the point (//, k) to the curve /(a?, y)=f 0. These two 
curves have n{n — 1) points of iuteisection, and there- 
fore^ there are n (n— 1) points of contact corresponding 
to n (n — 1) fangents, real or imaginary , which c;in«be 
drawn from a given goint to a curve of the n^^ degree. 
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Thus for a conic, a cubic, a quartic, tlic luaximuui 
niimbor of tangents which can be drawn from a givcji 
point is 2, 6, 12 respectively. 

98. Number of Normals which can be drawn 
to a Curve to pass through a given^polnt. 

Let h, h be the point through which the normals are 
to pass. 

The equation of the normal to the eurve/(.7:, 7/) = 0 
at the point (.r, y) is 

fx fy 

If this pass tlirough A, k, 

This equation is of the w*" <Jt'gTeo in x and y ami 
represents a curve which goes through, the feet of all 
7Lor7nals which can be drawn from the point h, k to the 
curve. Combining this with / {x, y) = 0, which is also 
of the degree, it appears that there are points of 
intersection, and that therefore there can be ?//■* ^loruialsy 
7'eal or imaginary ^ drawn to a given curve to pass through 
a given point. 

For example, if the curve be an ellipse, ai= 2, and the number of 

^2 7i2 

normals is 4. Let ^ = 1 be the equation of the ciyvo, then 

a- 0 * 

• ' ^ 
is the curve which, with the ellipse, determmes the iWet of the normals 

drawn from the point (/t, /c). This is a rectangular hyperbola which 
passes through the oiigin and through the point (/«, k). 

The student should consider how it is that an fT^nife^uumber of 
normals can be drawn from the centre of a circle to the circumference. 

99. The cuwes 

(A - «;)/, + {k - y)fy = U (li, 

and* (A - «)/, - (A - y)/* = 0. . . . ? (2), 



no 


'differential calculus. 


oil which lie the points of contact of tangents and the 
feet of the normals rtjspcctively, which can be <lrawn to 
the cm ve f{a\ y) = 0 so as to pass through the point 
(A, h\ are the same for the curve f{x, ?/) = a. And, as 
eijuations (1) and (2) do not depend on a, they represent 
the loci of the i\oint8 of contact and of the feet of the 
normals respectively for all values of tt, that is, for all 
members of the family of curves obtained by varying a 
ill f{Xy y) = am any manner. 

EXAMPLES. 

1. Through the iKiint A, Jc tangents are drawn to tlie curve 

sliow that the points of contact lie on a conic. 

2. If from any point Pnormids bo drawn to the curve whose 

equation is show that the feet of the normals lie on a 

conic of which the straight line joining /* to the origin is a dia- 
meter. Find the position of the axes of this conic. 

3. The points of contiict of huigonts from the point A, I' to 

the curve lie on a conic which passes through the 

origin, t 

** f 

4 . Through a given point A, tangents arc drawn to curves 
where the ordinate varies as the cube of the abscissa. Show that 
the locus of the points of contact is the rectangular hyperbola 

* 

and the locus of the i*emaining point in which each tangent cuts 
the curve is the rectangular hyperlnjla 

xi/ - + Zhy = 0 . * • 

EXAMPLES. 

1. Find the points on the curve 

y=(^-l)(.r-2)(a:-3) 
at which the tangent is parallel to the axis of 

SJjow also that the tangents at the first and third inter- 
sections with the .I'-axis arc parallel, and at the middle inter- 
section tlie tangent makes an angle 135** with that axis. 



EXAMPLES. 


Ill 


2. In any (Virtesiaii curve the I’cctiiiigle cotitaiucd l)y tlie 
8ul)t;ingeiit au<l tlie siibnoriiial is ccjiial to the stiuarc on Mie 
correaix)ijdiiig ordinate. 

3. Show that the only (Cartesian locaw in which the ratio 
of the siibtangont to the subnormal is constant is a straight 
line. 

4 . If the ratio of the subnormal to the subtangtMit vary as 
the square of the abscissa the curve is a parabola. 

5. Sliow that in any curve 

Subnormal _ /Normal 
Subtangent \Tangont/ 

6. Find that normal to 

» 

which m/ikes equal intercepts ui)on the co-ordinate axes. 


7. Prove that the sum of the interce[>ts of the tangent t<» 
ni)on the co-ordinate axes is constant. 


8, Show that in the curve 

v/ = alog(.r2-a2), 

the sum of the tangent and the subtangent varies as the product 
oStho co-ordinates of the point. ^ 


9, Show that in the curve 


,mi + n_^in-ny2u 

the wi“* power of the subtangent varies as the power of the 
subnormal. 


10 . 


In the curve the subnormal 



and the sub- 


tangciit qp 

11, Show that in the curve ?/=66 * the suhtangent varies as 
the square of the abscissa. 


12. If in a curve the normal varies as the cube of th<^ (^rdiiuite, 
find tlie subtangent and the subnormal. 


13. Show that In the curve for which 
.9 = clog- 

y 

the diligent is of constant length. 
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14. Sliow that ill tlio cur\'c f(?r which 

(The Catenary) 

tho iiorpcndiculiir from the ^oot of the ordinate upon the taiigent 
in of constant length. 

16. Show that the [lolar siibt*angent in the curve ^=* 0 ^ (The 
Spiral of ArchimAiles) varies as the square of tho radius vector, 
and tho polar subnormal is constant. 

16. Show that tho polar subtangent is constant in the curve 

r^=«. (The Reciprocal Spiml.) * 

17. Show that in tlie curve 

» (The Equiangular Spiral.) 

(1) tho tangent makes a constant angh' with the radius 
vector ; 

(2) the Polar Suhh>JigGnt<^r tan n ; 
the Polar Subnonual - r cot a ; 

^3) tho loci of tho oxtrernitias of the jxdar subtangent, 
tho ]»olar suhiiormal, tho perpendicular u[)on the tangent from 
the jiole are curves of tlio same sjiecies as tho origiqjal. 

• 18. Show that cuidi of tho several classes of curves ((’otosis 

Spirals) t 

rO — fty /'sina^--^, ?*.sinh?i^~ 

rcosh??^-f/. 


have pedal equations of tho form 

4 . 4 . /; 

where A and B arc certain constants. 

^ ^ ' 

19. Eind the angle of intersection of tho Cardioidcs 

r~a (1 -fcos $)y 
r^h (1 — cos^). 

*> ^ ^ 

20. Find tho angle of intersection of ' - * • 


X“ — y^—a^ ) 

.'«’-+y®=a2 V^j 



JSXAMPLKff. , n-‘J 

21. Show that the condition of bingoiicy of 

cos a +;y sin a =^>, 

with 

is jy»'* . n'^ = {m + a)'« + **a»» + c( ^ .si n“ a. 

Hence write down the equation of the locus of t-lie foot of the 
perpendicular from the origin upon a tangent. 

22. Show that in the curve (the cycloid) 

(^ + sin 6\ 

If ( \ — cos ff), “ 


f/x 

do 


--2// cos ^ and —sj^lalu. 
0 2 dll ^ 


U 




23. Show that in the curve (an epicycloid; 

I >1 ? y. 

,i; = cos 0-b IS »s - 

/ I • /I T • "h 

}/ b) sin ^ — o SI n t 


we have 




ayjf 


i.-(.t + 2l,) .sin ^^(9 : V'-- 2,; <’: - (" + 2/.)«iu = 

and that the pedal equation i.s* 

^ ^ {a+%hyf 

24. Show that tlie normal to //- — 4oj; touche.s the curve 

27ay2 — 4 (a* — 

) 

25. Show that the locu.s of the extremity of the polar suh- 
tangent of the curve 

n^fiOu 


E. D. G. 
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26. Show thftt tlio luoua of the extremity of the iK>lai' sub- 
normal of the curve 

27. In tiliu oiirvc 

( Q\ Q 

r ( m + n tan A = 1 + Un - , 

show that ^lic locus of tlie extremity of the i»olar Nuhtaiigent is 
m-u 

2 r=l4-cos^. 



CHAPTER IX. 


ASVMrroTKS. 

100. Dlf. If a Htraight lino ci^t a c*urvo in two 
points at an infinite distance from thti origin and yet is 
not its(ilf wholly at infinity, it is called an asymptote to 


the curvt\ ^ ^ 

101. To obtain the Asymptotes. 

If 0(,r,7/) = () (I) 

bo the ocpiation of any rational algebraic inirvo of the 
degree, and 

• • — ( 2 ) 

that of any straight line, the (‘(piation 

(.r, vuc + c ) = 0 {l\) 


obtained by substituting the expression Ddn -f o for y 
gives the abscissae of the j)oints of intersection. 

This^gj^uation is in general of the 71 “* degree, showing 
that a curve of the dc*gree is* iii*g<?!ieral cut in 
n points real or imaginary by any straight line. 

The two constants of the straight line, viz. m and o*. 
arc at our choitre. We are to choose them so as to 
make two of the roots of etpuition (8) infinite. We 
then have a line* cutting the given curve so that two 
of the points of intersection arc at an infinite distam*e 
from^the origin. 


8—2 
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IiniigijK.* oquatioii (3) expandtid out and oxpreKsed in 
tlesccridiiig powers of oj as 

4- + ... -f it = 0 (4), 

A, B, Gy etc. being coi-tain functions of m and c. 

The equatic)!! whose roots are the reciprocals ol‘ the 
roots of this e(|uation is 

A + Bz + (7^- + ... + = 0 

^by putting .* = ^ j ; 

and it is evident that if A and B hi) both zero two roots 
of this C(piation for z wdll bt^eonie evanescent, and 
therefore two roots of the eejuation for x bt'coine infinite. 
If then >ve choose in and c to satisfy tlu‘ ecpiations 

^ = 0 , « = 0 , 

and substitute their values in the equation 

y = 4- Cy 

Avo shall obtain the equation of an asynij)toLe. 

102. It will 1)(‘ f(Mind in i*xain]>les (and it admits 
of general proof) that the equation A ~ 0 contains m 
oidy and in a degret* not higher than /i. Also that 
B = 0 cont’ciins c in the first degiee. Hence a curve of 
the degree does not possess more than n asymptote's. 

Ex. Find tbti asymptotes of the curve ‘ * 

y'** - + 2//- + 4y .r — 0. 

rutting y - inu: H c, 

i'u.v + c)’- . 1 ' (UI.L + <•) + 2 (m.v -f f)- 'h 4 (m.v t <•) + .v = 0, 
or (m * - m) jc * -h V - 1 * -I- 2ur) ,f- -f . . . etc. = 0. 

We now arc to choose ’ m and c so that 

and 3wV -c4 2«r’— 0) 

The tiist equation is a ciihic for m and gi\os m = 0y 1 or - 1. 
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Th«* SfToiul oquiitiun is of tha thuin'f in r aiiil gives 
2wr 

If wi = 0 wc Imvo c = 0 ; 

if ?n — 1 we have r= - 1 ; 

if 7n= - 1 we have r= - 1. 

Hence wc obtain asymptotes, viz. 

//=0, 

!/ = x-l. 

If- -.c- ]. 

EXAMPLES. 

Fiinl tin* a.syin])totcs of 

1. 7/^ -• ({.iv/- + 1 1 jf^i/ - O.v"' + Ji' +.// — 6. 

2. ;/'* -- - .rt/^ + 4./*'’ + 4.1')/ — 4.77*-* -- 5. 

3. jr • 3.7/-// 4- .r//2 - 3.i/^ -f 2//“ + 2.7*// + 4./’ + o/y 4- (> - 0. 

4. (.7/4-.7^*4-l)0/4‘2,t’4-2) (^4-3.r4-3) (//-.i*'. 4-.7-4-y- 2--- 0. 

5. (2.r4--^^) (3.7; 4-4?/) (4.774-5/^ 4-2()V4- 7().7V/4-477/-^4-2.7'4-37/ 

i. 

103. The case of parallel Asymptotes. 

After having formed equation (4) (if Art. 301 
by substitution of vioi 4- c for y and. reai rangemout, 
it somet^es happens that one or more of the valiuis 
of m, deduced from the etjuatioh i4=^0, will make 
Ji vanish ideriticalhjy and therefore any value of c will 
give a lino cutting the curve in two pfiints at infinity. 
Ill this case as the letter c is still at 01 ft* choici}, 
it may be chosen so as to make the third coefficient 
C vanish. It wtll be seen from examples that each such 
value of m ik)W gives rise to two values of c. Th^ is 
the case of parallel asymptotes. The two lines thus 
obf&ined each cut the curve at three points* at infinity. 
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]<iX. Find tbc iisyiuptotoB of the cubic curve, 

y* - + 9.ry - (w - + 2y - 2.c =: 1. 

Fatting mx-^c for y and rearranging, 

(wi® -fJw® + 8m - 4) + (8mV - lOmr + 8c - Sm® + Om - C) ar® 

+ (3/?ic* - 5c® - 6iiic + 9c + 2m “ 2) a- + c® - 3c® + 2c - 1 =0. 

Choosing m® - 5m® + - 4 = 0) 

and 37 »‘-c- 10mc + 8c-3iw®4-9m~ 6=0| ’ 

the first gives * (m - 1) (m - 2)® = 0, 

whence m=l\ 2 or 2. 

If m = l the second equation gives c = 0 and the corresponding 
asymptote is y = a;. <■ 

If w=2 we have 12c - 20c + 8d- 12 4 18 - 6 which vanishes identi- 
cally for all finite values of c. Thus any line parallel to y-ac will 
cut the curve in two points at infinity. We may however choose c so 
that the next coeilicient r 

3hic® - 6c® - 6mc + 9c -i- 2m ~ 2 
vanishes for the value ?»=2, giving 

c®- 8c + 2=0, ?.c. c=lor2. 

Thus each of the system of lines parallel to y = 2x cuts the curve 
in two points at infinity. But of all this infinite system of parallel 
straight lines the two whose cquatrons are 

y=2x + l, 

and y=2a;+2, 

are the only ones which cut the curve in three points at infinity and 
therefore the n%me asymptote is confined to them. 

The asymptotes %re therefore 

y=a: \ 

y=2x+l[, 
y = 2x + 2\ 


EXAMPLES. 

Find tlie asymptotes of 

- .c®?/ + ar® + .r® — = 1 . 

2. y - 2.iy + 2.#.*3y - - a?‘*+3.r®.y H- 3.1V/3 - sy - 2.r3+. 2yi'= i. 

3. (y-.r®)®-2(.r®+y)=-.l. 
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104. Th(>se asymptotes which are paralK'l ti) the y- 
axis will not be discovered by the above processes for 
their equations are of the form A = a, and are not 
included in the form y + c for a finite value of m 
We, therefore, specially consider the case of those 
asymptotes which may be parallel to Rue or other of 
the co-oixJinate axes. 

106. A8]rniptoteB Parallel to the Axes. 

Let the equation of the curve be * 

a„'v^ H- a^x^^hj -f -f . . . + + a^y'^ 


4* 4* + + 

4-C2ir"-2 4-... 

+'••=<» in 

If arranged in descending powers of x this is 

4- (a,y 4- Ih) 4- . . . = 0 (2). 


Hence, if vanish, and y be so chosen that 

* . a.y + ^•= 0, 

the coefficients of the two highest powers of x in e(| na- 
tion (2) vanish, and therefore two of its roots are infinite. 
Hence the straight line^a,y 4- = 0 is an asymptote. 

In the same W'ay, if a» = 0, 4- = 0 is an 

asymptote. 

01*^^ m 

Again, if a„ = 0, — 0, Aj =0, ahd y be so chnsc^n 

that 

«3y®+6^4-C2 = 0, 

three roots of equation (2) become infinite, and tlie 
lines represented by 

+ % 4- C.J = 0 

represent a pair of asymptotes, real or imaginary, paraTlel 
to the axis of x. 
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m 

9 

Hoiiro t.luj j uli* 1o iiiul ilioso iisyiuptioti’H Avliicli are 
jjarallt'l to tlu3 axt*s is, '"etjnaie to zero the cofijicients of 
the highest powers md y!' 

Ex. 1. Find the asymptotes of the curve 

^ u^ip-x^y -xip + x + y + l-O. 

Here the coefficient of .r® is - y and the coefficient of is .r-* - x. 
Hence a;=:0, .r — 1, ?y- 0, and '// = ! are asymptotes. Also, since the 
curve is one of the fourth degree, we have tlius obtained all tlie 
asymptotes. 

Ex. 2. ^Find tlic asymptotes of the cubic curve 
i 2 j--// -f xy - ' *r- - xy 4 2 = 0 . 

Equating to zero the*coeffieient of y- we obtain the only asym- 
ptote parallel to either axis. 

Putting mx i c for ?/, 

x^ + 2,r- (m r + e) -fr ( uix 4-V*)® - .r- - x {mx -I r) t 2 _ 0, 
or rearranging, 

X® (1 4 - 2w 4 - m^) 4- a - (2e 4 - 2?m<* - 1 - m) 4 x - e) 4 - 2 -.0, 

l4-2m4-wr’ = 0 gives two roots wi= - 1. 2c4-2»ic>-l -'m=0 is an 

identity if m= - 1 and this fails to find t*. Proceeding to the next 
coefficient c- - c = 0 gives c = 0 or 1. 

r 

Hence the three asymptotes ave .i; = 0, and the^)air of parallel lines 
y+X = 0, 
y-l-x = l. 

EXAMPLfiS. 

1. '^riie .isN iiiplotes t)f //- (x-“ - 

y = 0 I 

’ ' .r= + fH* 

2. The eo-ordiiiate axes are the aHyinpt«)tc.s of 

3. The asymptotes of the curve are the 

sides of a square. 

^106. Tlio mot hods givoii above will obtain all lii^ear 
asyinj)totes. Tt. is often more (*xpeditioiis Iiowever to 
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obtain thi^ obli(j\io asymptotes as an approximation of 
the curve to a linear form at intinity tus des<*rilKMl in t he 
next article. 

107. Form of the Curve at Infinity. Another 
Method for Oblique Asymptotes. * 

Let Fy be used to denote ratio] lal al^aibraical 
expressions ^vhich contain terms of the r*'* and lower, but 
of no higher degrees. ^ 

Suppose the equation <»f a curve of the 7?“' degree to 
be throwji into t.ho form 

{(iX + hif -h c) Pn- \ + i ” 0 ( 1 ). 

Then any straight line paralhO to ax + hy = 0 obviously 
cuts the curve in one point at ij^linitiy ; and to find the 
particular m(‘mber of this family of parallel straight 
lines which cuts the curvci in a second point at infinity, 
let us examine what is the ultimate linear form to 
which the curve gradually approximates as we travel to 
infinity in the above direction, thus obtaining the ulti- 
Biate direction of the curvf and forming the erjuation 
of the tangent" at infinity. To do this we make the a: 
and y of tin* curve become large in the ratio given hy 

(v : y = : a, 

and we obtain the* ecjuation * 



If this limit be finite we have arrived at the equa- 
tion of a straight line which at infinity lejiresents the 
limiting form of the curve, and wlTich satisfies the 
definition of an asymptote. 

To obtain the value of the limit it is advantageous 
to put .<• = — ^ and 7/ = '“, and then after simidificaTion 
mate ^ - 0. 
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Kx. l'’iri(l the aHymptoto of 

.r’ -f + Bx//“ + 2//'* ™ .r- l- //- -|- ,r. 
We may write this curve as 

(.c I- 2y) (.»;=* -{- a?// + j/-) = -f* y'^ H- .r , 

hcucG the equation /}f the asymptote is given by 

.. + 2V 

and imtting J ^**^''‘* 


x-\-2y — Lt* A 


^ 

4 2 1 

ja «3 ■*■ «a 


= Ltf A 


5~2f 

3 


r> 

3’ 


/.<>., V + 2//=*®. 

Examplk. Show that a: + 7 /r=^ ia the only real asymptote of the 
2 

curve (.'C -f- y) (x** \ y*) - a (x* + a *) . 

108. Next, sujiposc tho etpiation of a curvo put 
into the form • 

(aw + % + c) I + K -2 = 0, 

then the line na:4-6y + c = 0 cuts the curve in two 
points at infinity, for no terms of the or (71 — 1)**' 
(h'grecs remain in the equation Hetormining the ])oints 
of intersection. Hence in general the line ^ 

ax + by c = 0 

is an .asymptote. We say, in general, because if Fn-i 
be of the* form (aa? + + c)Pn- 3 , itself conttiining a 

factor ax + + c, there will be a pair of asymptotes 

parallel to a.'r + &y + c = 0, each cutting the curve in 
three points at infinity. The equation of tlie curve 
then becomes 

{ax + hy^ cYPn-^fi + ^’a-s = 0, 
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jitiil till* <.M|nfi1;ions of‘ t-ho* parallel asyiiipt.t>U‘s aiv 

tlir+hjl-^- c= + A / - TA , 

where .r and y in the limit on the rig^t-hand side he- 
eome infinite in the ratio - = — . 

y 

Oi’, if tin* curve be written in the form 

{(UC + hyf 7\_2 + (ax + by) Fn-.-. +/,, » = 0 , 

in proceeding to infinity in the dir^'ction a.r -^hj/ 
we have 

((f.r + by)- + (rt.r + by) . Lt + Lt •('' - = 0, 

• J / II .a 

* 

when the limits arc to be obtained by p\itting .r = - . , 

r 

y= 7 , and then diminishing t indefinit(‘ly. We thus 

t • 

obtain a pair of parallel asymptotes, 

<uv -f by = a and aiv -f 6^ = 

Avherc* a and 0 are the roots of, 

+ pLt y " ■ + Lt •j““' = 0. , 

1. n „2 I 

And othei- particular forms which *the (icpiation of 
the cui'\-«f may assume can be treated similarly. 

FiX. 1. To find the pair of parallel aHymptotes of the curve 
(‘2.r - :h/ + 1 )* ( r + //) - 8x + 2y - 1>= 0. 

Here at-3// + l= , 

. ^ ^ + y 

where x and y become infinite in the direction of the lino 2.r~{iy. 

3 2 * 

IJiitting y = jf right Bide becomeB ^2- Hence the 

Bsynij^totes required are 2.r - 3// - 1 and 2.r -^3// 3-0. 
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I‘A ‘2. tlip asymptoiGB of 

(.E-}/)-(.r'- + ^=) - ]0(.r-;/).T’- | la;/* + 2x4 ;/ = 0. 

Here (X - y)* - 10 (x - ;/) A/, , „ /\, + 12/,fj..,-„ „=0. 

r- * //- .r- + y 

or (-c //)-- r>(.r- 2 /) 4-0 = 0, 

giving tlip parallel asymptotes T-y — *2 anti .r -y = H. 


109. Asymptotes by Inspection. 


It is ilow clear that i! the etjuation F„ = 0 break up 
into linear factois so as to rt'present a system of ?/ 
straight lines, no two of which are parallel, they will lx* 
the asym})tot(‘s of any curve of the form 


K X . 1 . (.r - y) (.r H-V) (-r 2y - 1) = lix + 4y -1- 5 

is a cubic curve whose asymptotes are obviously 


.r y = 0, 

.r I //=0, 

.r + 2y 1 = 0. 

« 

Ex. 2. (.r - yP (x + - 1) - Hx j 4y + H. 

TTere .r + 2//-l=r0 is one asymptote. The other two asymptotes 
are parnllcl to y :j\ Their equations arc 





+ 4 

1 + 2^ 



110. Case in which all the Asymptotes pass 
throuifh the OMgln. 

If then, when the ec|uation of a curve is arrangixl in 
homogeiieous sets of ti‘rm.«, as 

ffn + + ^bi-3 + • • • =0, 

it be found that there arc no terms of degree n — 1, and 
if also i/,i contain no repeated factor, the n straight lines 
passing through the origin, and whose (xpiatioii is 0, 
are the ?i asymptol tjs. 



ASYMPTOTES. 


125 


EXAMPLES. 

Find the ;isyin])totcs of the foll(jwing^;in*vo.s: 


1. 

= .f- (2a — j'). 

2. 

y>=.r(i 

te- - .r-). 


3. 


4. 

!/(»-+■ 

»■’) 


5. 


6. 

y- (2a - 



7. 

jr + 

8. 

■>“.>/+>/■ 

U' -"- 


9. 

( ff- 

-y*. 10. 



11. 

■ry {.V - 1/) •- (/ f.r- 

12. 




13. 


14. 

{a ' ■ 



15. 


16. . 


-.r‘* 4- /< 


17. 


2//‘* + 4//- -f 2.ry -f* // 1 0 



18. 


.r--.ry-f-2~0. 




19. 


y) + 2. 




20. 


-8y'~4.r+«^--= 

1. 



21. 

+ y)- -f 2) = .V + 9y - 2. 




22. 

ar'+n.i'v+ai.! 



IKay/- - 3a-./‘ 

4 a-y 


- 0 . 


111. Intersections of a Curve with its Asym- 
ptotes. 

If a curve of the, //“' degree have // :isyrnptot(‘S, no 
two of which ai e paralRd, w’^e have seen in Ai t. lOf) that 
the e»piations (d* the asymptotes and of tlie eurv<i may 
be respectively written 

/’„ = 0 . 

and + F,^ . “ 0. 

The n .-isymptotes therefore intersect th(j cufve again 
at points lying upon the curve F„_.j = 0. Now each 
asymptote cuts its curve in two points at infinity, and 
therefore in a — 2 oilier points. Hence these n (a — 2) 
p(»ints lie on a certain curve of degree /i — 2, ror 
examphj, 
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1. The iwymptotos of a cubic will cut the curve 

again in three points lyiny in a straight line; 

2. asymptotes of a qmirtic curve will cut the 
curve again in eight points lying on a conic 
section ; 

ami so on with curves of higher degree. 

EXAMPLES. 

1 , Find'cho c<iii;ition of a cubic which luis tho s;iinc iisyui- 

ptotos as the curve .x-'* - 1 Jjr//- — -1-.//+ 1 —0, find which 

touches the axis of y at the orij^in, and j^oes tliroii^h the point 

( 3 , 2 ). 

2. Show that the asymptotes of the cubic 

+ V / +//*'* + .r - y 0 

cut tlic curve again in three points which ho on the line 

.r4-y=0. 

3, Find the e(piation of the conic on whicli lie the oj’glit 
points of intersection of the (juartic curve 

, ry (.r- — y'**) + ahp hV a Vr ^ 

with its .asymptotes. 

4. Show that the four asymptotes of tlie curve 

(.r- y-) (y- - 4.r-) ~ + fxc^y -4- — 2//* - .r- + li# // -- 1 — O 

cut the cur\e {igaiii in eight i)oints wificli lie on a circle. 

112. Polar' co-ordinates. 

When till' (“(itiatioii of a ciiiae is ^fivou in the form 

'/iW+/.(^) = 0 (0, 

it is cletiu t hat the directions given by 

M0) = o (2), 

are those in which /• becomes infinite. 

*Let this eijuatioii be solved, and let the roots be 

a, 13, y, etc. ‘ 
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Let XOP = a. Then the radius Ul\ the eurve, and 
the asymptote meet at intiiiily towards 1\ Let 0 F (= p) 



be the perpendicular upon the asymptote. Sincu) OV 
is at right angles to OP it is the [>olar subtang(‘nt,*and 
(16 

fl = — XOY ^ a\ a^al let Qbe any point wlioscj 

co-ordinates ai\. V 6 upon the avsym|)toU*. Iluin the 
equation of the asymptote is 

p = V cos — ol) ^ ( *1 ). 

It is clear fnaii the ligun; that a' -= a — . 

clO * 1 

To find the value of — when u ~ 0, \\nte - 

du n 

for r ill equation (1), and wo have 
Whence differentiating 

/,' {0) + 1>/« i^) + • 
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Putting 9 = a, and therofoi-c u = 0, wo have (if .4' (a) 
be finite) 


(X\ 

V du)„ o~/i'(«) ^ 


/ dd\ 

Substitute this value of f 1^*^ P equation 

(3) and wo obtain • 

/ ''(i) “ ’’ f ^ sin 

Hence the equations of the asymptotes are 

etc. 

113. Rule fbr Drawing the Asymptote. 

( d0\ 

imagine 

we stand at the origin looking in the diioction of that 
\ahu' of 0 winch makes « == 0, Draw a lino at right 
angles to that direction through the origin and of length 

equal to the calculated \alue of fo right 

or to the left, according as that \aluo is or 

negative, Througli the end of this line draw a perpen* 
dicular to it of indefinite length. This straight line 
will be the asymptote. . 4* 

Ex. Find Uic ^Bymptotus of tlip cuivo 
Heic 










